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Abstract 

It is commonly accepted that the study of 2+1 dimensional quantum 
gravity could teach us something about the 3+1 dimensional case. The 
non-perturbative methods developed in this case share, as basic ingre- 
dient, a reformulation of gravity as a gauge field theory. However, these 
methods suffer many problems. Firstly, this perspective abandon the non- 
degeneracy of the metric and causality as fundamental principles, hoping 
to recover them in a certain low-energy limit. Then, it is not clear how 
these combinatorial techniques could be used in the case where matter 
fields are added, which are however the essential ingredients in order to 
produce non trivial observables in a generally covariant approach. Endly, 
considering the status of the observer in these approaches, it is not clear 
at all if they really could produce a completely covariant description of 
quantum gravity. We propose to re-analyse carefully these points. This 
study leads us to a really covariant description of a set of self-gravitating 
point masses in a closed universe. This approach is based on a set of 
observables associated to the measurements accessible to a participant- 
observer, they manage to capture the whole dynamic in Chern-Simons 
gravity as well as in true gravity. The Dirac algebra of these observables 
can be explicitely computed, and exhibits interesting algebraic features 
related to Poisson-Lie groupoids theory. 



1 Introduction 

Despite of the lack of local degrees of freedom in pure 2+1 dimensional grav- 
ity some basic facts have motivated intensive studies of this theory during last 
twenty years: the asymptotic structures associated to event horizons are suffi- 
ciently rich to produce non trivial thermodynamic properties as the Bekenstein- 
Hawking law and non-perturbative techniques have been imported from Topo- 
logical and Conformal field theories to try to obtain a complete understanding of 
this theory. These results have inspired the development of similar approaches 
in the 3+1 dimensional situation. The aim is clearly to obtain a completely 
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covariant description of quantum gravity and these approaches share, as basic 
ingredient, a reformulation of gravity as a gauge field theory. This perspective 
abandon the non-degeneracy of the metric and causality as fundamental prin- 
ciples, hoping to recover them in a certain low-energy limit. Recent numerical 
simulations j2] have shed doubt on this point of view. The problem can be traced 
back to some misunderstandings about large gauge transformations in general 
relativity. And it seems necessary to rethink to the status of these symmetries. 
On another part, it is not clear how these combinatorial techniques could be 
used in the case where matter fields are added. Matter degrees of freedom are 
nevertheless the essential ingredients in order to produce non trivial observables, 
solving the frozen dynamic problem, in a generally covariant approach, and it 
is then not clear at all if these approaches could produce a really covariant de- 
scription of quantum gravity. It seems difficult for the present time to consider 
the canonical descriptions of 3+1 quantum gravity as falsifiable theories and to 
check these points in this situation. We propose to analyse them in the 2+1 
dimensional case. The section 2 is devoted to a re-analysis of the second order 
and first order formalism of deSitter gravity in vacuo, and in particular of the 
differences between Chern-Simons gravity and true gravity. We profit of this 
study to emphasize certain misunderstandings concerning the status of general 
invariance and the choices usually made concerning the status of the observer. 
In section 3, we present results concerning dynamics of free particles on a fixed 
deSitter spacetime in a new algebraic fashion exhibiting interesting algebraic 
features related to dynamical classical Yang-Baxter equation, we then discuss 
the coupling of particles to gravity using Witten's proposal of a minimal coupling 
and give, for the first time the complete Dirac treatment of the gravity+matter 
action. In section 3, we exhibit for Chern-Simons gravity as well as true gravity, 
certain classes of non-local observables associated to measurements made by a 
localized participant-observer, which permit us to reconstruct the apparent sky 
seen by this observer (distances of stars, angles between light rays coming from 
them,...) and its dynamics. As strange as it is, the Dirac bracket of this com- 
plete set of observables can be computed, leading to a beautiful combinatorial 
description of the phase space of gravity generalizing a previous study about 
constants of motion subalgebra This paper is an attempt to give physical 
foundations to the combinatorial description program and aims to develop a 
description of gravity where the spectator is really internal to the universe and 
not just a spectator placed in an asymptotic region of spacetime. 

2 Gravity in vacuo 

2.1 Basic notions on 2+1 deSitter pure gravity 
2.1.1 basic notations 

We will, for the rest of the paper, define our fields on an oriented smooth 3- 
manifold M. whose set of local coordinates will be denoted Im — {a; , a; 1 , a; 2 }, 
and the Minkowski space M3, whose set of coordinates will be denoted Im = 
{0,1,2}, will be equipped with the flat metric (r] a b)a,bei M with rj a b = S a .b — 
2# Qi b<5 a> o(the light velocity will be chosen to be c = 1) . A soldering frame at 
x G M. is an isomorphism (e^^g/^.ae/M from the tangent space T X A4 to the 
Minkowski space M 3 , (*e^) Aie / A1 

.a£^rvi will denote its inverse (we will assume 
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that they are smooth functions of x) . 

The metric field (^iy)p,w=o,i,2 will be build from the soldering form as 

g» v = Vabefel. (1) 

The metric r\ (resp. g) and its inverse will be used to lower and raise internal 
coordinates Im (resp. base spacetime coordinates Im) indices written with latin 
(resp. greek) letters a, b, c... (resp. a,/3, 7...), the Einstein convention will be 
adopted. We will use the following conventions for e— symbols: (e Q/37 ) Q , i/ 3 i7 g/ 7W 
and (s a bc)a,b,cei M are totally antisymmetric and e x x x = 1, £012 = 1, and we 
will denote g = \e a ^eP a ™g ap g 0a g lw and e = \e abc e a ^< e^e^ . 

The affine connection (r^) Q ^ i7S / A1 (with zero-torsion, i.e. 17 = ) and 

the spin-connection ( , n7 7a h ) ai fc e / lvIi7e / jM ( so(2, 1)— valued, i.e. tz7 7 afc ' ) = 0) are 
defined as the unique solutions to the equations D a e^ := d a e^ + zu a a be b p — 
Ta/3 e 7 = (the spin-connection can also be seen as the unique solution of the 
equations D[ ct e^j = 0). As a remark, we have = \g" 1 (d a gi3s+dpg a 5—d$g a p). 
It will be convenient to introduce variables {vJ a c )aei M ,cei-tA defined such that 

. , a ~~a „ . c 

tt a b — £ bc^a ■ 

The Riemann tensor (R a 0j S )a,0.,'j,SGi M is defined such that for any vector 
field (v a ) a =o,i,2 we have B[ a O^]i> 7 = R a /3-y S vs. It can be expressed in terms of 
the strength of the spin-connection (R a p c d )c,d£i M ,u,fi£i M , defined by R a p c d = 
dia^p]^ + ^[ac 6 ^]/ ; as R a /3j S = R a 0c° ''^^d- The Ricci curvature and the 
scalar curvature are defined as usual by R a p — R a p^ and R — i?". 

We will often choose to perform a 2 + 1 split of the base manifold |-'?4| . 
We assume that M can be foliated by a family of non-overlapping spacelike 
Cauchy surfaces (£*)«= [ tl y t 2 ] indexed by a dumb label t (all diffeomorphic to a 
fixed 2— dimensional compact manifold without boundary S). We will denote by 
( na )aei M the unit vector normal to spacelike slices. The spatial projection of the 
metric, denoted {h a p) ay p, will be given on each slice, as h a p = g a p + n a n/3 . To 
complete the splitting, we need to describe the physical correspondence between 
points belonging to neighbour surfaces. To this aim, it suffices to choose a future- 
pointing timelike vector field t a verifying t a d a t = 1 (the evolution will be given 
by the Lie derivative associated to this vector field). It can be decomposed, 
in terms of the lapse function TV* and the shift vector (N l )i tangent to spatial 
slices, as t a = A^'n" + N a , Since N a n a = n a h a p — 0, it is then clear that 
we can uniquely recover the space-time tensor fields from these datas. We will 
denote by K the trace of the extrinsic curvature K a p = h^h^B^n^ on the slices 

In the following, we will choose the local coordinates {x° , x 1 , x 2 } as being the 
coordinates associated to the spacetime splitting (i.e. {t a ) a = (1,0,0), (n a ) a — 
(— N, 0, 0) and (n a ) a = We define the space base coordinates to 

be elements of Is = {a; 1 , a; 2 } , and will be indexed by latin letters k... We 
will introduce the spatial metric (qij)ijeis such that h a p = h l a tigqij, here we 

have h l a — (1 — S x °)S t a which projects onto spatial indexes (q will denote the 
determinant of the spatial metric). (g 4:, )i.je/ s will denote coefficients of the 
inverse metric, and spatial indexes will be raised or lowered by this spatial 
metric. In this context, the expression of the metric is given by 

_ ( -N 2 + N l N3q l3 q a N l \ 

9a ^{ qij ) 
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and the extrinsic curvature is given by = w(<?ij — VjiVj — VjiV}) 
2.1.2 equations of motion and action principles 

The Einstein's equations for pure gravity with a positive cosmological constant 
ji are 

11 

Ra/3 - -^9al3R - ~p9a.fi — 0. (2) 

They describe the kinematics and dynamics of the gravitational field. They 
are equivalent to the following set of equations 

T^(e,zu) = d [a e^+e a bc w b [a e^ = (3) 
C^(e,w) = d [a ^ ]+ e\ c w^-L a bc e b a e^ = (4) 

"c 

in the sense that 10 can be used to express uniquely the spin-connection in 
terms of the soldering form and its inverse (the invertibility is then crucial) , this 
expression being reinjected in Q, we recover Einstein's equation for the metric 
field CJ. 

The previous classical dynamic can be obtained from the extremization of the 
Einstein-Hilbert's action principle. The aim of the present section is obviously 
to prepare the study of the physical phase space of gravity. We will then always 
put relevant actions into their canonical forms in order to use Dirac formalism. 

The action principle generally choosen in the metric formalism to generate 
Einstein's dynamics is the "trace K" action (we will denote d = 8irG, and we 
have to notice that, for c = 1, the Newton's constant Q has the unit of an inverse 
mass, l c is a length, and lp = HQ is also a length ): 

s °» w - ? M M ^ O - 1) + 1 *■ (5) 

where JJ E _ E is a shortcut for j(jf s — Jj s ■ It can be reexpressed, in terms 
of the datas associated to the splitting, as 

Seh\K N] = ^Jdx°JJ^ d 2 x N x °Vh [n + KijKV - K 2 - 

where 1Z is the scalar curvature of the unique torsion free spatial derivative 
operator compatible with the induced metric on spatial slices S t denoted V. 

The main properties of this action [H] is that its extremization, under varia- 
tions of the metric compatible with fixed values of the induced metric on bound- 
aries Sjj, St 2 , gives equations of motion <j2j. The canonical form of this action 
is obtained as follows. The Legendre transform yields the canonical momenta 
( 7I " y )i,je{s 1 ,x 2 } of the spatial metric (qij)i,je{x\x 2 }, ^ = -ti^(K lJ - Kg 11 ). 
The primary constraints are p a w 0, where p a are the canonical momenta con- 
jugated to the lapse and the shift variables. Their conservation under time 
evolution generates the secondary constraints 

Ht= 5^(^-i(7rl) 2 )-^(^+f) «0 
Hi ee -Vrf a 0. 
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All these constraints are first-class. And the canonical hamiltonian density 
can be written in terms of them as 

H can [h,n,N,p] = ^H d 2 xN a H a . 

The total hamiltonian is obtained by adding a combination of primary con- 
straints smeared by arbitrary functions: 

H t E ° t H [h,n,N,p,\] = ±H d 2 xN a H a + X a p a . 

And the first order problem is described by the total action S^jj [h, ir,N,p,\] = 
/ dx" J d 2 X 7T« q y + Pa N a - J dx°H tot [h, 7T, N, p, X] . 

It is important to remark that, in 2 + 1 dimensional gravity, there is no local 
dynamical degrees of freedom (12 canonical variables, 6 first class constraints 
and then 6 gauge fixings). 

Let us now discuss the Einstein-Palatini's action principle which extremiza- 
tion gives the first order description of general relativity. 

Forgetting for a while the boundary terms, we choose as a bulk action the 
Hilbert-Palatini action: 

S H p[eM = 1 Ulj 3 XT, ab e a ^e a a (d^ + {w%rf - ^e^ej^j .(6) 

We will perform the same 2 + 1 splitting as before. We will denote by 
Ef = ef, flf = zuf Va € Im., i € the spatial parts of dynamical fields. 1 The 
Hilbert-Palatini action can be recast into the following canonical form: 

S H p[eM = l£ 2 dx° jjf x ^ (-E?d x otf j + ±e° C$ j (E,n)+ 

+ ^o7*(i5,fi)). (7) 

The simplicity of the bulk part of the action is a consequence of the dimen- 
sionality of spacetime. Indeed, we have 

V^gR = \e\fi ce *e%*e}R( hc t 

= sgn(e)ee*eP V f e cf 6 (9 [/3 tu 7] b + w^w^ej) 

= sgn(e)r, ab e a ^e a a (d^w^ + w%w$ej) . 

The factor sgn(e) will be generally forgotten if we choose the non-degenerate 
soldering form to have a positive determinant. An important remark has to 

1 het us notice that we have qtj = EfE b r] ab . Then, if we introduce the quantities 

e j, E^ E^ 
N a = a C 2^q' — ^ ( e ' J ' s a sno rtword for e x lJ , and q is the determinant of the spatial 

metric) and *E l a = f) ab q l: >E^, which verify the properties M a Ef = 0, N a N a = —1, 

*E i a Ef = Sj, *E i a E b i = 5 b a + Af a Af b and *E l a Af a = 0, we can obtain a nice and general 

parametrization associated to the splitting. Indeed we have e^ = NJ\f a + N l Ef, ef = Ef, 

„ ] *„x° _ -M a * i i, E i , N'J^g 
dim e a — N , K a — rj a t n ■ 
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be done. The inverse of the soldering form has disappeared from the formula 
©, hence we could change the theory by forgetting the assumption that the 
soldering form has to be invertible. A priori, extensions of gravity incorporating 
degenerate metrics have been considered for a long time in order to allow change 
of the spatial topology in a lorentzian space-time. This extension will be called 
Chern-Simons gravity, and it is a current belief that this extension is not a big 
price to pay in order to quantize gravity |39| . The consequences of this choice 
will be studied further in the next subsection. 

The extremization of this action under variations of basic fields is given by 



5S HP [e,w] = -JJJ d 3 x Vab e a ^ (5e^C b 07 [e,m]+Sm^ 7 [e,w}) 
v i/s» 2 -s tl 

It appears that this action is differentiable only under variations of basic 
fields compatible with fixed values of the spatial part of the spin-connection on 
boundaries S tl , £ t2 . This class of paths appears to be far from what we are con- 
sidering in the ADM action principle, the careful study of additional boundary 
terms necessary to obtain a satisfactory variational principle and gauge symme- 
try properties is postponed to the next subsection. The canonical description 
is trivial, due to the specific form of this first-order action. Indeed, the Dirac 
Poisson bracket is given by 

{e a x0 (x), Xb (y)} = {^ (x),Mv)} = ^S ( - 2) (x-y). 

The first-class constraints are \a ~ ipa ~ ^C\j{e,w) w e v T^{e,w) w 0, 
and the total hamiltonian, defined using arbitrary functions i] a ,a a smearing 
primary constraints, is 

ff£M£>tt,e s o, rox o, X ,<M,a] = ^ If d 2 x Vab e^ (e a x oC^(E,n)+m a x0 T^(E,n)) 



jj lao V^K uw ij' 

+ ^ jj (PxTfXa+O^a. 

And the first order problem is then given by the total action 

S t H t p[E,Q,e 3: o,zu x o,x,'4>,r],°'} = J dx °JJ d%x -fVab^Effl* + Xa,e x o + ip a ™l° 

dx H tot [E, U,e x o, w x o ,x,il>,Tl,o-]. (8) 



At least to obtain more compact expressions, it will be nice to use Chern- 
Simons notations. If we introduce a so(3, 1)— connection A a = A^i with 
(A I a ) ae i M j e i g defined to be A^' a = A^ a = j-e 1 ^ (notations and prop- 
erties relative to the Lie algebra so(3, 1) are recalled in the a.nnendix lA.ll) . the 
equations ® {3} can be rewritten as a zero curvature equation 

F^A] 1 = + e'jkA^A* = 0. (9) 
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The Chern-Simons action is defined by 

Sc l s k \A] = | JJJ^d 3 xe a ^ (<A a ,d A 1 >+± <A a ,[Ap, Ay] > 

= l jJ dx °JJ^ d2x ^ (" < A *> 9 * oA i > + <A x o, Fij [A] >) 
As a result we have S HP [A] = S^ k [A] + S^[A], with 

S*[A] = U[ d*xe«<A?\Af>. 

We will also define * = Xa£, a,L + ipa£ a ' T and S = r) a £ a ,L + cr a £ a , T , in order 
to simplify the expression of the total action : 

S% P [A, E] = ^ / dx° ^ d 2 x (-2e« < 4 (T) , if } > +tf < A x o > 
+ < A x o,e ij F ij [A] > + < *, E >) . 

2.2 The symmetries of general relativity 

2.2.1 first digression : the status of general covariance 

Before studying the basic symmetries of these dynamical problems, let us dis- 
cuss the status of one of these, that is reparametrization symmetry. Although 
some relevant problems connected to general covariance can find some interest- 
ing solutions in the presence of matter degrees of freedom, we will begin the 
discussion in the case of pure gravity (after all, gravity field has a sort of onto- 
logical preeminence because it says to other fields how to move causally) . These 
problems being intimately entangled with the identification of deterministically 
predictable observables we will try to stay as close as possible from the hamilto- 
nian approach, which is the better way to attack the initial value problem and 
to study observability. 

General relativity in vacuo is a geometric theory, its basic object is a localized 
universe, i.e. a smooth manifold M. and a lorentzian metric tensor g defined 
on it |21l 135] . The mappings <j> which preserve the structure of M. induce a 
mapping on the set of localized universes {<f> acts by pull-back on g) . The choice 
of a particular atlas and system of coordinates (among equivalence classes of 
them defining M as a smooth manifold) is necessary to write the kinematical 
and dynamical problem of gravity in terms of differential equations and to solve 
them explicitely, but g is a tensorial field and Einstein's equations are generally 
covariant (they are invariant under a smooth change of system of coordinates 
onM). However, in absence of matter degrees of freedom, there is a priori no 
dynamical field, except g itself, allowing an individuation of points on the man- 
ifold, and it seems to be a basic requirement to be able to do that in order to 
mention the "where" and the "when" of an event and then to speak about local 
observables. The choice of a particular system of coordinates, called the coordi- 
natization, is a way to individuate points by brute force, by an explicit mapping 
p6Mn x(jp). It is an additional data attached to the smooth manifold M. 
It is then possible to describe a localized universe as being given by the compo- 
nents of the metric tensor g in the system of coordinates x. Now, a distinction 
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has to be made between two types of transformations. The passive diffeomor- 
phisms, i.e. smooth changes of the chosen coordinatization of M, obviously 
does not change the value of the metric tensor at a given geometric point, but 
changes components of g in this coordinatization. The active diffeomorphisms, 
draging geometric points onto M. through a diffeomorphism 0, entails an active 
redistribution of the metric over the manifold (the metric tensor is transformed 
by the pull-back of 4>), and we do not have to require any transformation of 
the coordinatization under this active transformation. Obviously, these actions 
have to be related, as soon as we choose to use coordinatization to obtain a 
description of localized universes in terms of components of the metric. Indeed, 
let 4> be an active diffeomorphism which maps M onto itself (and its induced 
action on tensorial fields). Then, it is obvious that the components, in the co- 
ordinatization x and in a given chart, of the actively transformed metric tensor 
are the same as the components of the untransformed metric tensor in the pas- 
sively transformed coordinatization S^x, defined such that (S^x) (0(p)) = x(p). 
Nevertheless, this point of view disregards a deep difference between both types 
of transformations. Indeed, an element of the active transformations group has 
to be seen as a regular map associating to a metric tensor field another one, 
diffeomorphically related to it by a certain element <fi of the diffeomorphism 
group of the manifold. Obviously, this element of the active transformations 
group would be different, for the same <p, if we had considered its action on a 
different metric tensor field. Hence, an element of this gauge group, viewed in 
terms of the components of the metric in a given system of coordinates is neces- 
sarily written as metric dependent coordinates transformations x i— ► cp (x, g(x)). 
It is not innocent to remark that, besides passive diffeomorphisms which are 
lagrangian symmetries of Einstein's action, the set of equations (2J has its own 
symmetries (called dynamical symmetries) defined on its set of solutions. In 
fact, the biggest group of passive dynamical symmetries of (2J is the group Q 
of metric dependent coordinate transformations x i— > tp (x, g[x)) (the groups 
DiffpM and Dif /aM. of passive and active diffeomorphisms are two disjoint 
non-normal subgroups of Q, and the space of Einstein's universes can be recov- 
ered as the quotient of the space of solutions of by any one of these three 
groups ©). 

This confusion between these two conceptually different transformations is 
at the origin of a central problem in general relativity. Indeed, smooth changes 
of coordinates, acting through Lie derivative on the components of the metric 
field, are local Noether symmetries of the action The equations are then 
covariant under these symmetries, and it is then generally considered that we 
have to identify solutions of (2J which components are related by such trans- 
formations. Although it seems natural that this procedure will eliminate the 
dependence of the interesting observables with respect to the freely chosen co- 
ordinatization, it will also erase any reference to individuated geometric points. 
Doing this, we have to make a critic choice. If we consider diffeomorphisms as 
a gauge symmetry, we abandon the hope to find simple local observables. This 
catastrophic consequence has led many authors to reject this point of view, 
on the grounds that a particular choice of coordinates just reflects the physi- 
cal properties of the reference systems with respect to which measurements are 
done. If we do not consider diffeomorphism as a gauge symmetry, we have to 
abandon the hope to build a deterministic theory, due to the hole argument 
|12| . Indeed, although we can fix a set of coordinates in order to individuate 
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points of M. , the active diffeomorphisms continue to be a continuous symmetry 
of the equations of motion. Let us consider two metrics which differ by an ac- 
tive diffeomorphism only in a region 1Z of M. such that we are able to choose a 
complete Cauchy surface S for the gravitational field, 1Z being in the past of S. 
If the description an observer can make of these universes has to be determinis- 
tic, we have to conclude that these spacetimes can not be distinguished by any 
measure or prediction made by this observer. This schizophrenic situation has 
its origin in our desire to localize geometric points using non-dynamical degrees 
of freedom as reference system ■ 

As remarked by C. Rovelli, it is not at all natural to consider the reference 
system as an external object in general relativity (like our fixed coordinate 
system). If we consider, as a reference, a material body, we can neglect the 
impact of its presence on the gravitational field in a certain approximation where 
it is sufficiently light, however we can not disregard the impact of gravitational 
field on it, because even its inertial motion needs the metric to be defined! In 
order to produce local observables invariant under active diffeomorphisms, it is 
sufficient to localize geometric points using dynamical degrees of freedom which 
transformations under active diffeomorphisms can be combined with that of 
the metric tensor in order to build invariant objects. We could imagine to use 
gauge invariant quantities made of dynamical degrees of freedom contained in 
the metric itself, however we will reject this point of view for some reasons: this 
program is not technically easy and it gives a very non-local description; this 
localization is impossible if the universe is too symmetric and will then never 
survive to the special relativity limit; this attempt is hopeless in three spacetime 
dimensions where only global aspects exist; endly matter degrees of freedom is 
always the ground on which real-life observables are defined and measured. The 
most simple object we can use to this aim is a free falling observer with an 
internal clock. In this description I29j . we then choose to fix a "platform" 
of "spectator-observers" that is locally proper-time Einstein-synchronizable, and 
choose a zero of time for their synchronized clocks, this constitutes a "system 
of observers". They are free-falling test bodies with internal clocks which are 
assumed to be able to gather information from the universe without disturbing 
it and without disturbing each other. It does not forbid obviously to add other 
matter degrees of freedom interacting in the usual way with the gravitational 
field. 

These observers are used to "freeze" the action of a part of the group of dif- 
feomorphisms [221 ■ Indeed, a first partial gauge fixing can be made by choosing 
coordinates compatible with the flow of world lines of the observers and their 
internal clocks. Hence, the residual gauge symmetry amounts to infinitesimal 
coordinate transformations preserving the previous conditions. These transfor- 
mations preserve also the system of observers if and only if they are equivalent 
to a relabelling of spatial coordinates and a rigid time translation. The choice 
of the system of observers is then associated to a procedure where we rigidify 
a part of the gauge symmetry, and treat it as a noether symmetry (this proce- 
dure is very different from a gauge fixing and we will call it a "gauge freezing") . 
The observables are then defined to be the invariant objects under these diffeo- 
morphisms preserving the system of observers (it is important to remark that 
this notion does not forbid an evolution of the value of these observables with 
respect to the time given by their clocks). This point of view will be called 
"observer-dependent". 
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It seems that we have lost the general covariance of general relativity. In 
fact, the question is really to decide which interpretation can be given to the set 
of equations (pj written relatively to a given system of coordinates, concerning 
things which can be observed. The problems of determinism and initial values 
can not be unambiguously adressed at this level only, and the problem of gauge 
symmetry has to be studied more intrinsically. The previous meaningful gauge 
freezing disregards only invariance under passive transformations as a basic 
fact, but emphasizes a certain part of dynamical symmetries which has to be 
considered as a real gauge symmetry. And the question of predictability can then 
be adressed only because this gauge freezing is attached to a given observer's 
theory. This theory is intimately related to a certain off-shell extension of the 
diffeomorphism symmetry we will study in the next subsection. 

The degrees of freedom associated to these observers can be added to the pure 
gravity dynamical problem in order to study quantization [SSj. The observer- 
dependent approach is particularly fruitful if we want to study the special rel- 
ativity limit of general relativity |22j or to develop the canonical quantization 
program in the usual way jHS]. Moreover, it is nothing more than an attempt 
to clarify the status of the observer in Einstein's equation. Nevertheless, they 
are different sort of problems with this point of view. Firstly, due to gravi- 
tational redshift it is not always possible to define globally such a system of 
comoving-observers. Then, due to the requirements made about our set of ob- 
servers, and if our reference system is made from real matter, this description 
can only be viewed as an approximation of general relativity in which we forbid 
back-reaction of the gravitational field on matter degrees of freedom. Hence, 
it seems not to be a very nice departure point to explore a quantum theory 
of gravity. Endly, it is important to analyze the modification of the status of 
gravitational degrees of freedom in the gauge freezing procedure, which could 
have dramatic consequences for the quantum theory [30 . 

In order to solve part of these problems, some authors have chosen to restrict 
these spectator-observers to live only in an asymptotic region of spacetime |32j . 
We will prefer to develop an approach where our observer is really enclosed in 
the universe and interacts with the gravitational field. Then, our "participant- 
observer" will be described by matter degrees of freedom (point masses) , coupled 
to the gravitational field, in a closed universe. We want to insist that choosing 
the spectator-observer or participant-observer perspective does not forbid to fix 
coordinates externally (after all, it is the better way to write our equations...) as 
soon as the physical observables we consider do not refer to them but are intrisi- 
cally build from variables defining the observer degrees of freedom and the metric 
field. In the same perspective, trying to develop a participant-observer descrip- 
tion, we do not want to abandon the observer-dependent framework which is 
nothing more than a clarification of Einstein's framework which sheds light on 
its possible off-shell extensions. We will just disregard observables made of any 
spectator-observer degrees of freedom. Before that, we have first to discuss 
off-shell extensions of the diffeomorphism symmetry and then to describe the 
coupling of gravity with matter degrees of freedom. 

2.2.2 off-shell symmetries in hamiltonian gravity 

Only a small part of the symmetries in Q can be extended off-shell (23 E] ■ 
Indeed, in ADM formulation, the action of diffeomorphisms generated by 
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Lie derivative along the vector field C on the components of the metric is given 
by 

MC]5a/3 = Cd 7 g al 3 + g aj dpC + g 1/3 d a C- 

If we restrict £ to be a function of coordinates only (passive diffeomorphisms) , 
it induces a transformation of lapse function and shift vector which explicitely 
depends on their velocities N a = d x oN a . However, the Legendre map TL (de- 
fined from Einstein's configuration space to ADM phase space) is such that 
its pull-back TC* (defined from the set of functions on Einstein's configuration 
space to the set of functions on ADM phase space) is such that d ^ a ^ = 0. 

Hence this type of transformation is not projectable, i.e. cannot be a projection 
onto the Einstein's configuration space of a canonical transformation defined on 
the ADM phase space. Nevertheless, if we allow ( to depend freely on the lapse 
function, shift vector and the spatial metric we can identify a subgroup of pro- 
jectable gauge symmetries. More precisely, we have to choose C a = S^K a +n a K x , 

i.e. C x — ~ — Tj - and C a — n a — tt-o-k^ , where the vector k is function of the 
coordinates and the spatial metric only. It is important to remark that, in order 
for these transformations to form a group, we cannot avoid the explicit depen- 
dence of C in terms of the spatial metric. Notice that we are not restricting the 
set of infinitesimal diffeomorphisms acting on a specific fixed metric because, 
for N ^ 0, we can choose n x = N( x , n a = ( a + N a ( x . Moreover, this group 
of projectable transformations denoted <2 ca n, is another non-normal subgroup 
of the group Q of metric dependent coordinate transformations, and the space 
of Einstein's universes can as well be recovered as the quotient of the space 
of solutions of (J2J by Q can (see for details). The program can be achieved 
by identifying the generators of the corresponding canonical transformations on 
ADM phase space, in terms of first class constraints, as well as their Dirac Pois- 
son algebra (23 El EH] ■ The previous canonical transformations correspond to 
transformations leaving the canonical action off-shell invariant up to boundary 
terms. However, the relevant gauge fixings are intimately related to the form 
of these boundary terms. Every constraints except H t are linear in the canon- 
ical momenta, and the ADM action is fully invariant under the corresponding 
symmetries, they can be canonically gauge fixed. The gauge fixing associated 
to hamiltonian constraint cannot be a canonical one, in the action principle we 
have chosen, without restrictions of the phase space. However, it can obviously 
be fixed by a derivative gauge [3%]. 

Let us now study the case of first-order gravity. The configuration space is 
larger than the previous one, due to the redundant parametrization (QJ of the 
metric in terms of the soldering form. However, we have to identify solutions 
°f ©0 related by Noether Lagrangian symmetries formed by local Lorentz 
transformations. This infinitesimal Lagrangian gauge symmetry is described by 
a lorentz vector (A Q ) ae / M 

Sl[\K = £bc a e b a \ c (10) 
S L [X]w% = d a X a +e bc a m b a X c . (11) 

In order to consider the action of this symmetry on the action, we can use 
Chern-Simons notations. We have #£[A]A Q = d a X + [A a , A], where A = X a ^ a ,L- 
And, defining the so(3, 1)— gauge transformations 

5 G [T]A a = D£r = d a T + [Aa, T] (12) 
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for any mapping r : M. — > g, we can verify the following off-shell transformation 
properties 

s G [T]s b c t[A] = l j£ dPx^(<d i ^ L \r^> + <d i Af\rW>) 

S G [T}S S [A} = l j£ ^xe«(<d i Af + [A!f\At?]-[Atp,Af\TV)> 

-<ft^,rw >) 

It is a trivial consequence that Sjip[e,w] is fully gauge invariant under 
so(2, 1)— gauge symmetries 5g[A] — £l[A] (because A ( - T ' 1 = 0). 

The absence of the velocities e" ,ro"oin these formulas ensures that this 
transformation is projectable to phase space, without changes, in an off-shell 
symmetry of the total action. The associated canonical generator and the 
explicit transformations of the lagrange multipliers are found in the standard 
wav |18l IT??! I2fi| . More precisely, for any infinitesimal generator T € I, any func- 
tion / of the set of canonical variables transforms as <5c[r]/ = {/, G(T)}, with 
G(r) =< r,e«%[A] > + < #,£#,r >, and the la grange multipliers have to 
transform accordingly to 5c[r]S = [S,T] — D^ T . The total action is then 
fully off-shell invariant under this symmetry (the previous formulas can be used 
as defining the off-shell extension of the complete so(3, 1)— gauge symmetry al- 
though it does not let the action fully invariant in itself). 

Let us now consider the diffeomorphism symmetries. The infinitesimal pas- 
sive transformations associated to components of a vector field {C a )aei M are 
given by the Lie derivative 

S D [C]e a a = e a p d a C f3 + C P dpe a a (13) 
8 D [Qw a a = ^d a ^ + C P d^ a a . (14) 

For the same reasons as in the ADM description, such a transformation is not 
projectable, because of the presence of the velocities e a xQl vj a xQ in the formulas 
describing reparametrization along time direction. We have then to consider 
metric dependent coordinates transformations. For example, if *e x ^ 0, we 
can, once again, choose ( x = *e x k x and C = n l + *e l K x , and we can check 
that we obtain a projectable symmetry. However, another choice is usually 
made, using extensively the invertibility of the soldering form. To any field of 
lorentz vectors {T a ) a ei M > eventually depending of spatial dynamical variables 
(this dependence is probably unavoidable if we want these symmetries to form 
a group, but this point will not be studied here), we will associate the vector 
field C") = * e Z T<1 an d the field of lorentz vectors A? T ) = — ^^Cm- ^ basic 
computation gives the following projectable diffeomorphisms 

(5 D [C {T) }+5 L [X {T) })zu a a = T d *e p d {dpvj a a -d a w a +e bc a vj h p m c a ) (15) 

= ^ele^ + r^e^C^w) (16) 

(MC(t)]+<UA (t) ]K = d a T a + T d *e d (dpe a a - d a e% + e bc a w h p e c a ) 

= d a r a + T b m c Q e bc a + T d *e^ Q (e,w), (17) 
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which do not contain the velocities e° c0 ,vc'° c0 and are then projectable. 
We will denote the previous lagrangian transformations 

S L . PD [A, r] = S D [C (r) ] + S L [A (T) + A] , (18) 

and we have to notice that, reciprocally, we have Sd[Q + = <5l,p_d[A + 

tz a ( a , e a ( a ]. We will denote <5l,pd the algebra of these gauge symmetries, and 
Gl.pd the group of associated large transformations. As soon as this mapping 
is invertible, i.e. the soldering form is non-degenerate, Gl.pd is equal to the 
group of diffeomorphisms + local lorentz transformations. 

The previous projectable symmetries can be related to another projectable 
symmetry, i.e. so(3, 1) gauge transformations So, at least infinitesimally and 
on-shell. Indeed, denning r = T°£ aj T and F(\, T ) = A + t we can check that 

S G [T { x, T) }Ai = SL.PD^^Ai+SrsiC^Ai. (19) 

with the trivial gauge symmetry part given by SrsiQA^ = ^F^p{A). It 
is trivial in the sense that it is null if the zero curvature equations, i.e. the 
constraints and equations of motion, are verified. It then seems appealing to 
replace Sl,pd by the more simple transformations Sq in the study of the reduced 
phase space of gravity. Generally, this remark is taken as the basic fact allowing 
for a reinterpretation of gravity as a Chern-Simons theory. However, we have 
to take it with caution because, even when infinitesimal symmetries coincide 
on-shell, they can differ dramatically in two different aspects: concerning their 
action on boundary conditions defining the variational problem and at the level 
of their group structure. 

Let us, firstly, study the problem of boundary conditions. Plugging SA^ = 
StsIQA^ into the following off shell-formulas 

SS b c t[A] = l j JJJ^xe^ <6A a ,F P7 (A)>+ l j £ ^ d 2 xe ij < 5A i ,A j 

5Sx[A] = h £ <Pxe i *(<64 L \Ap> + <4 L \6A ( p>) 

gives, as soon as the vector field £ is tangent to the boundary, the following 
boundary contributions 

*rs[C]ScJ fc [4 = - ff d 2 xe^ <CA a ,d i A j > 

StsK]S,[A] = l j£ ^d 2 xe-(< di Af + [A^,A^]-[AP,Af\c 
- <d t Af\CA^ >) . 

As a result, we then conclude that Shp[A] is fully off-shell invariant un- 
der transformations <5l,_p_d[A, t] as soon as *e x a r a |s tl2 = 0, this restriction 
being due to the presence of a gauge symmetry associated to a first class con- 
straint non-linear in the canonical momenta. As a result of previous discus- 
sions, the variational principle of Shp[A] describes an action associated to the 
class of paths (Qj,.Ej)j e j s (we do not mention zu x o,e x o which are not subject 
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to dynamical equations) up to symmetries 6l,pd[\t], s.t. J\f a (E)r a | s = 0, 
the variations of (Oj,£Jj)j e / s being restricted at the boundaries by Sfli |s tl2 = 
0, Vi € 7s ( (-Bj)i E 7 s are freely varied and in particular no constraint is re- 
quired to be fullfilled at the boundaries ). This physical problem is different 
from that described by ADM action. It would be more natural to have a vari- 
ational principle associated to a class of paths (Q,i,Ei)i^i s up to symmetries 
Sl,pd[\t], s.t. N a {E)T a |s tl2 = 0, the variations of (fli,Ei)i e i s being taken 
eventually on the constraint surface e v (E , f2) |s t = 0, Va £ 2m and re- 
stricted at the boundaries by S (qij(E)) |s = 0, \fi,j G Is • However, bound- 
ary terms corresponding to such a variational principle seem to be unknown in 
the litterature. 

Then, it seems difficult to implement the symmetries Sq to replace Sl,pd in 
the study of the reduced phase space, because Sj7p[j4] is not invariant, not even 
on-shell, by general transformations of the type ^gP^a,!-)], due to the boundary 
terms. Obviously, boundary terms can always be added to an action in order to 
change its invariance properties [191 125j . This procedure has been developped 
especially to deal with the problems associated to gauge symmetries coming 
from first class constraints non-linear in the momenta (our case is of this type) . 
We have to take care that this procedure induces at the same time a change in 
the class of paths defining the variational problem, or necessitates the addition of 
new degrees of freedom. In fact, these changes, although apparently irrelevant, 
generally affect the physics described by the resulting action principle especially 
in the type of observables we will consider. This procedure deals with the 
problems concerning gauge symmetries, but disregards invariance properties 
under other rigid symmetries of the action principle and also external physical 
informations about observables concerning measurement process. It appears 
sometimes that some restrictions of the symmetries at boundaries have to be 
considered as physically significant facts for the observer theory. It is clear, 
for example, that for the free relativistic particle, as soon as we are interested 
in measuring positions, we have to take care of boundary restrictions on time 
reparametrization symmetry, and the proper-time gauge is, at least for this 
purpose, as physically meaningful as any fully gauge invariant extension of this 
theory. However, if our observer's theory disregards observables affected by 
such a gauge symmetry in the bulk, it is unsense to take care of boundary 
restrictions on the gauge. Again in the case of the free relativistic particle, if we 
are only interested in measuring moments, which are gauge invariant under this 
symmetry, we do not have to take care of the boundary restrictions imposed by 
our action on this gauge freedom. 

If we are really interested in the invariance of the action under Sg[^(x,t)}, 
a conceivable method is to consider r |s, 12 = 0, this choice ( less restrictive 
but related choices are made in the case of asymptotic boundaries) is often 
implicit in the litterature. Obviously, it is also possible to complete Chern- 
Simons action in order to obtain a fully 8q [T(a,t)] — gauge invariant extension 
of gravity. This program has been achieved in 0], but despite of attractive 
algebraic features, the resulting theory is far from the physical problem we want 
to describe in canonical gravity for different reasons. Firstly, both alternatives 
are problematic in the sense that they force us to deal with the boundary values 
of the metric, or other geometric fields, in a given spatial coordinate system. 
Although perfectly compatible with a spectator-observer description of gravity 
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these approaches seem to be completely off the scope of a participant-observer 
description, in the sense that their purpose is to give an answer to a question 
which has no sense in this perspective. Indeed, as soon as, in a participant 
observer perspective, the observables we will consider, based on matter degrees 
of freedom, will be invariant under Sq in the bulk, it is totally useless to take care 
of boundary restrictions on this symmetry. As a conclusion, it will be correct, 
for the participant observer description, to disregard boundary restrictions on 
the gauge symmetry 5g- 

Let us now study the other source of problems with the identification of 
these two symmetries, i.e. the difference between the group structures of the 
symmetries Sq, 5l,pd- This difference will have dramatic consequences on the 
global aspects of the physical phase space. We will denote Ac[g], for g in the 
gauge group Gq associated to SX(2, C)r (the universal covering of SO('S, 1)), the 
large gauge transformations, and Al,pd[u], for u in the gauge group &l,pd the 
large projectable diffeomorphisms + local Lorentz transformations. We do not 
want to enter into the details of the structure of the group Gl.pd of projectable 
diffeomorphisms and local lorentz transformations. However, a key point has to 
be mentioned. The large gauge transformations, integrated from 11211 . are given 
by 

A G [g](A a ) = g- Y A a g + g^d^. (20) 

Let us consider a connection A solution of the zero-curvature equation, 
with A^ corresponding to a nowhere-degenerate soldering form. It is clear 
that, at least locally, a gauge transformation can always be found such that 
(Ac[g](yl Q )) = 0, which is incompatible with the requirement that {AQ[g\{A))^ 
is associated to a non-degenerate soldering form. This is a crucial difference be- 
tween these symmetry groups. Indeed, it is never possible to find any projectable 
diffeomorphism and local lorentz transformation such that (Al,p_d[(?](v4 q ))( t ^ = 
0. 

We have already mentioned how Chern-Simons extension of gravity was ob- 
tained by incorporating degenerate soldering forms. The extension of the al- 
lowed range for the dynamical variables is simultaneous to an extension of the 
gauge group. Indeed, the gauge symmetry is then associated to Ac and not to 
Al.pd anymore. In fact, the space of classical solutions of the Hilbert-Palatini 
theory is obtained as the space of so(3, l)connections (A a ) ae j M , with a non 
degenerate translation part, i.e. 

e^<A(J\[Af\A^}>^0, (21) 

obeying the zero curvature equations 10 , equipped with the equal-time Poisson 
bracket 

o/ 

{A((x),AJ(y)} 2 = -± eijt IJ 8W{x-y), (22) 

and moded out by the action of the gauge group &l,pd given by 115111811 . 

The space of classical solutions of Chern-Simons gravity is obtained as the 
space of so(3, l)connections (A a ) ae j M , without restriction of its translation 
part, obeying the zero curvature equations ©, equipped with the same equal- 
time Poisson bracket, and moded out by the action of the gauge group Gg given 
by i|20fl. We have moreover to decide, in each of these cases, if these spaces must 
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be moded out by the group of orientation preserving diffeomorphisms of the base 
space not connected to the identity, i.e. the mapping class group. 

A contrario from the common opinion exposed in current litterature on the 
subject, the reduced phase space of Chern-Simons gravity is in fact smaller than 
that of gravity. This point is very subtle, and generally disregarded by most of 
the authors (see however the fundamental H.J.Matschull's paper see also 
|14|). we prefer to develop these points after having completed our perspective on 
the place of the observers and having emphasized some fundamental observables 
allowing us to emphasize precisely the discrepancy between the two phase spaces. 

2.2.3 Overview on the reduced phase space of Chern-Simons deSitter 
gravity in vacuo 

Before to study the coupling to particles, we want to explain an interesting 
description of the space of classical solutions of Chern-Simons gravity, the so- 
called combinatorial approach, through the study of a simple example. 

Let us take E to be a 2— torus parametrized by two angles (<p, ip) £ [0, 2tt[ x2 . 
The set O = {(t,tp,ip) e]h, i 2 [x]0, 2tt[ x2 } is a connected and simply connected 
open subset of ]fi,i 2 [x£, on which the zero curvature equations can be solved 
up to the action of the gauge group Gg by A a — k~ 1 d a k, a £ {t, ip, ip} where k 
is a smooth mapping from O to G. We will not consider restrictions of k coming 
from the boundaries £ tl , E t2 . The ambiguities on k are linked to the action of the 
gauge group, given by a smooth mapping g from f 2 [xE to G, as k i— > kg, and 
the Noether rigid symmetry given by a fixed element s of the group G as k i— > sk. 
If we introduce the notations vi(t,tp) = Pexp J Q % dtp A^,(t,ip,ip) and Vi(t,ip) = 

Pexp f Q n dipA v (t,ip,ip), we can verify that vi(t,tp) = k~ 1 (t,ip,0 + )k(t,tp,2TT~) 
and v 2 (t,ip) = k (t, + , ip)k(t, 2ir~ , ip). Separately, we can introduce Ui(t, ip) = 
k(t,ip,0+)k- 1 (t,tp,2TT-) and u 2 (t,ip) = k(t, 0+, ip)k- x {t, 2n~ , ip). We can check, 
using the action of the gauge, that U±,U2 are gauge invariant and, using the 
smoothness of the connection, that they are independent of their parameters, 
i.e. ui(t,ip) = ui and U2(t,ip) = U2- The zero curvature equation implies 
moreover that miM2U^ 1 u 2 ~ 1 = I, so U\,U2 can be reduced in a common basis. 
Endly, the Noether symmetry acts on them as u\,2 >— * sui^s^ 1 then, only their 
conjugacy classes C\,C2 are physically relevant. Reciprocally, let be given two 
connections A, A' solutions of the zero curvature equation and associated to the 
same couple c\ , c 2 defined along previous procedure. If we choose smooth gauges 
k, k' respectively associated to A, A' , the mapping g = k~ x k! can be shown to 
be smooth on the whole ]ti,i2[x£, using the fact that k,k' are associated to 
the same c\, c 2 . Then A and yl'are related by a gauge transformation. 

Generically, u\,u% can be diagonalized simultaneously, using the noether 
symmetry, their conjugacy class being respectively given by Ci,2 = e 2 ' r ( Al ' 2 ^ ' T+ '' 1 ' 2 ^ ' L '. 
These datas define completely an element of the space of classical solutions of 
Chern-Simons theory, and a connection A a solution of the zero-curvature equa- 
tion compatible with them is, for example, A = (Ai£o,T + Pi£o,L)dip + (A 2 £o,t + 
Pi£,o,L)dip. Any observable can be written in terms of c\, c 2 however the Poisson 
algebra appears to be not so easy to describe in these terms. Nevertheless it can 
be done and lead to beautiful algebraic structures, see t 33, for the original pa- 
per, J^jfor the classical description, and jH] for the quantization and the study 
of the quantum phase space of the vacuum Chern-Simons deSitter gravity. 
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3 Point masses in deSitter gravity 

Before to study the coupling of Chern-Simons deSitter gravity to point particles 
in three dimensions we have to recall some basic facts about free particles on a 
fixed deSitter background. 

3.1 Free relativistic particle on deSitter spacetime 

Notations and basic properties of SL(2, C) used in this section can be found in 
the annendix IA. II 

3.1.1 Basic notions on deSitter spacetime 

The deSitter spacetime dS^ is defined as the maximally symmetric solution 
to 2+1 dimensional Einstein's equations (|2J- Its metric can be described, for 
example, in cylindrical coordinates as 

ds 2 = -(l-i^ 2 + -^+r 2 ^ 2 . 

We have to notice that this metric describes only a part of (IS3 . 

It can be embedded into the 4-dimensional Minkowski space M 4 as follows. 
M4 will be identified with the set of 2 x 2 hermitian matrices Ji by the isomor- 
phism of vector space: 

M, H , X ^X = = ( » +£, j . (23) 

This map is an isometry as soon as we equip H with the pseudo-norm \X\ 2 = 
—det(X). (IS3 can be mapped to the subset V of H defined by: 

V = {QeH\dctQ = -l 2 c }. (24) 

A distance is induced on (IS3 from that on M4, d(Q, Q') 2 = l 2 tr(Q~ 1 Q l — I) 
for any couple Q, Q' £ V. 

The action of the (universal covering of the) Lorentz group G = SL(2, C) 
on M4 is translated into the following action on Ji: 

GxH — >H, (A, X) 1 — > A X = AATA f . (25) 

This action descends to the subset V and promotes G = SX(2,C) as the group 
of moves on dS%; a basic subgroup of G, i.e. C a , forms the 2+1 Lorentz group. 

As a consequence, if we consider an arbitrary element o G T>, we can define 
an application from the configuration space C = SL(2, C) to V as follows: 

C — ► V , Mi — ► Q M = MoM^ . (26) 

As a remark, we have the following interesting formula 

d{QM,Q' M f = lltr^M' 1 M')(M~ 1 M')* - I). (27) 
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Obviously this map is multivalued. In fact, we can decompose V as the 
union V+ U V~ with X>± = {Q e V\Tr{I ± Qo" 1 ) > 0} such that on each of 
these parts the application 

is invertible with inverse defined by T± (t) = ±t 2 o. 

Moreover, if Q and Q' are two elements of T>, it is always possible to find an 
element o such that these two elements belong to 

We will denote by (# T,I )i=o,i,2 a system of local coordinates on (IS3, we will 
denote x % :— Q T ' % as well. Using the mappings T± we define an atlas of T Q 
given by a set of mappings from R 3 to T a we will denote abusively x 1— > t(x). 
We will introduce also (0 ' l )i=o,i,2 a system of local coordinates on C , we will 
denote r % := 6 L ' 1 as well and will denote abusively r A(r) the corresponding 
mappings from R 3 to C Q . Due to factorization theorems recalled in the appendix 
IA.1I these datas allow us to parametrize the configuration space C = SL(2,C) 
as a whole and we will denote (^ / )/g{T,L}x{o,i,2} M{0) — t(0 t )X(8 l ) the 
corresponding matrix of coordinate functions. 

The metric on dS^ is given by dx t g x i x j(x)dx 3 — 1% det(d(r(x) 2 )) and e° 
and w° defined such that r _1 9 a .iT = {j-e^t^T.a + ^ x i£,L,a) is a solution of 
(EJQ giving a first order description of dS^. Let us notice how the first or- 
der datas transform under their basic local symmetry associated to Lorentz 
group. If A is a given mapping from an open subset of R 3 to C , then the local 
Lorentz transformations associated to A are defined by (fe° ( ^ + ^J x i£,L,a) l— ¥ 
^Hr^T.a + w£& l0 )A + A-^A = H- c e'^T,a + w^lt.a). Then it is obvi- 
ous that any mapping k from an open subset of M 3 to G defines a first order 
description of dS% by k~ 1 d x ik = (fe'ifr.o +w'~i£L,a)i which associated metric 
is dx l g x i x i(x)dx3 — i 2 det(rf(fcfc*)). 

The usual expression of timelike geodesic equations on dS?, in terms of the 
proper time a can be simplified in this framework, i.e. if we express them in 
terms of Q, into the following equation = Q. In fact, these trajectories are 
parametrized by Q(a) = M e 2,7iT - M$o. 

3.1.2 The relativistic particle on dS$ 

The basic action principle used to describe a relativistic particle of mass m and 
spin s on dSs is 

dt<x h ^ h -\M~ l — >, (29) 

where x b+ ' b ~ = b+(m, s)£l,o + b-(m, s)£T,owith 6+(m, s) = ml c , 6_(m,s) = 
s. The dynamical variable M belongs to C = SX(2,C). In order to define 
the variational problem, half of the dynamical variables are kept fixed at the 
boundaries such that in particular < x b +> b - \M~ 1 5M > (£1,2) = 0, i.e. the 
position on deSitter spacetime Qm in the case of a purely massive particle, the 
problem of boundary conditions will be discussed soon. The canonical analysis 
of this system has been already done in the litterature (see for example 
Better than working with coordinates (8 I )j € ] g and their momenta (wi)i^i g , we 
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will work with the matrix of coordinate functions M and P — pi!; 1 , where pj 
are certain functions of coordinates and momenta chosen such that the Poisson 
brackets are given by: 

{M U M 2 } = , {Pi,M 2 } = t 12 M 2 , {P U P 2 } = -[h 2 ,Pi] (30) 

(here we used the tensorial notation A\ — A^E^ ® 1 and A 2 = 1 <x> yl™£™ , for 
any 2x2 matrix A and (.E™ ) m ,n is the canonical basis of the space of 2 x 2 
matrices). 

The set of primary constraints is given by 

C[M, P] = M~ l PM + x b+,b - « 0. (31) 

The canonical Hamiltonian is equal to zero. The action (l29l) is equivalent to 
the first order action: 

5* ot [M,P,/i] =-J dt(< Pl^-M- 1 > +H tat [X,P,n]) (32) 

where fi G g = sl(2, C) and the total Hamiltonian 

H l ot [M, P,ij]=<h\C [M, P] > . (33) 

Conservation of the constraints under time evolution imposes no secondary con- 
straints and fix /i to belong to f), i.e. 

/i = m = p L £,L,o + Pt(t,q- (34) 

The Dirac bracket can be easily computed (see Annendix lA.2l) . As P com- 
mutes with the second class constraints, the Poisson brackets ll3"f)l) involving P 
are not modified by the Dirac reduction: 

{Pi,M 2 } D = t 12 M 2 , {Pi,P 2 } D = -[h 2 ,Pi] 

However, the Poisson bracket l(3"0"j) between matrix elements of M is modified 
into the following bracket: 

{M-l,M 2 }d = M 1 M 2 m i ° 2 \M,P) 

where &t${M,P) = r { ^{b+~b^) with b + = b++ < C[M,P],f ,T >, &- = 
6_+ < C[M,P],£ ,l > and r (0) is defined in the a,nnendix lA~4l 

In the following we will restrict ourself to the purely massive case, i.e. = 0. 

The dynamical equations are given by 

dM HP 

— = {M, Hl°*} D = —Mfifj , — = {P, H^} D = 0. (35) 

Solutions of equations of motion and constraints are parametrized by a fixed 

M e G as 



M(t) = M exp(- dvn^v^j , P{t) = -b+M^M^ 1 . 



(36) 



The corresponding motion of the particle on deSitter spacetime is given 
by Q u (t) = M(i)oM(f)t = M exp(-2 J t * dv p T (v)fr,o)oMl. It is clear, from 
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the expression of the length element on the trajectory dl 2 = —det(dQ) = 
—l 2 pT{i) 2 dt 2 , that l c |pr(i)| is the flow rate of proper-time. The proper time is 
then given by 

m = lc f dv\p T (v)\. (37) 
Jti 

From 1(361) . it is easy to see that, if v h- » Pt(v) is a continuous function such 
that Pt{v) OjVu, Q(<t) = <3m(^ _1 (o')) obeys the timelike geodesic equation 
■^j = Q. In order to avoid multiple counting of histories and to check if a 
gauge choice allows us to select causal histories according to previous remark, 
we have to study carefully the gauge symmetries of our action. 

Infinitesimal gauge symmetries generated by the first class constraints are: 

5 H ["/]M = -M7 , 5 H [i\P = , where 7 G f). (38) 

If we allow also the Lagrange multipliers p to transform as: 

6 H [j}p = -j+[j,p} (39) 

we obtain Sh [7] Sp 0t [M , P, p] = [—6+ < 7 | £l,o >]/• If we do not change our 
action principle we have to require < 7 | (;l,o > (^1,2) = 0, and the natural par- 
tial gauge fixing compatible with this gauge freedom is obtained by the usual 
derivative gauge < p | £l,o >= 0. The residual gauge freedom 7 = k£,l,o, which 
corresponds to an internal gauge symmetry, can then be fixed by a canoni- 
cal gauge. However, we will not pay attention to these gauge degrees of free- 
dom. Up to trivial gauge symmetries, the gauge symmetry corresponding to 
the reparametrization of the worldline of the particle 1 1— > t + <;(t) can be recov- 
ered from the previous gauge transformations by taking 7 = s{t)p^. It appears 
that our derivative gauge fixes also the reparametrization freedom according to 
proper-time gauge which selects causal histories, this fact justifies in itself the 
interest of this gauge-fixing. The identification of boundary terms changing our 
action principle in order to ensure its complete invariance seems then to be of 
no particular interest. 

Endly, it is important to notice that our action is also invariant under some 
rigid Noether symmetries. The first one, corresponding to the change of origin 
and reference frame corresponds to the isometry group of deSitter spacetime. It 
is simply given by 

M h-> g^ 1 M P 1 ► g~ x Pg p i-> p (40) 
g being a fixed element of the group G. 

3.2 Coupling gravity to point masses 
3.2.1 the Kerr -deSitter solution 

The Kerr-deSitter metric describing a gravity field coupled to a particle at rest, 
of mass m and spin s, in presence of a positive cosmological constant was studied 
in (201, is given, in cylindrical coordinates, by 
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(we will choose Cr m j = 1 — y 2 , Dr s -\ — jff - )- This metric is obtained as 
the rotationally symmetric and stationary solution of Einstein's equation with 
a positive cosmological constant which tends to deSitter spacetime asymptoti- 
cally (C( m ),D( s )are the constants appearing in the integration of this dynami- 
cal problem) • We have to notice that the presence of the pure point mass 
(m 7^ 0, s = 0) causes the metric to have a conical singularity at the origin, 
indeed 

v 2 dv 2 

ds 2 cx ra0 -(1 - jjjdt 2 + - + C ( , 

l c (1 - it) 



J {m) r 



We will have to relax the requirement of smoothness of the dynamical fields 
in the vicinity of particles, this point will be studied in the next subsection. 

In order to simplify the expressions of the first-order description, we notice 
that this metric can be reparametrized into the following nice formula 

ds 2 = —l 2 cos 2 (p)(a+dT — a^dtfi) 2 + l 2 dp 2 + l 2 sin 2 (p)(a^dT + a + d(f>) 2 



±C (m) + Jcf +D 2 

where a±(m, s) = V ^ , and the adimensional real variables 

p,T are t = I c t, r 2 = l 2 (a\sin 2 (p) - a 2 _cos 2 (p)), p e [p min = Arctan(°^-), ~[ . 
A soldering form can be chosen according to this metric: 

e 2 = l c a,-sin(p) e\ = e° T = l c a+cos(p) 
e\ = l c a + sin(p) ej, = e\ = -l c a~cos(p) 
e° = e\ = -l c e° p = 

and the spin-connection, associated to it, is given by: 

va 2 = a + sin(p) m\ = — —a^cos(p) 

vj 2 ^ = —a-sin(p) m 1 ^ = = —a + cos(p) 

m° p = ml = w° p = 

The so(3, 1)— connection built from these datas is simply given by 

= -e p ^ T (a^ T + a + ^L)e- pil - T 
A P = -6,t 

It is interesting to remark that the previous formula can be rewritten as 



A = V- l BV + V^dV, B = -(a_£ 0:T + a+^ L )d4>, V = e -^ + Co,T-a-C ,i,) e -p€i,T _ 

3.2.2 Coupling point masses to gravity: the regularization problem 

Till now we have not mentioned what are the constraints and equations of 
motion giving previous expressions as solutions. The problem is that the stress- 
energy tensor of the particle has no canonically defined meaning in the dis- 
tributional sense, and we have to regularize carefully the kinematical and dy- 
namical equations to produce previous solutions. In order to incorporate con- 
ical singularities, we have to slightly change our assumptions about the base 



21 



manifold. Hence, we will consider the worldlines of N particles as mappings 
(x(n))n=i,~- ,N from [iijia] to E. For this purpose, we replace M by the three 
dimensional compact manifold with boundaries, denoted A4* , obtained from 
M. by removing N disjoint open tubular neighbourhoods (c( n )) n= i...jv of the 
worldlines. M* inherits a foliation from M and we will denote by E£ the slice 
at label t of M* . The boundary of Ej? consists in the union of N disjoint circles 
(^(7i)(*))n=i,"-,JV- The spatial boundary will be denoted B = U te [ tlit2 ]St, St = 
\Jf =1 lt n \(t), Any smooth function / defined on VVl*can be restricted to B and 
we will denote / this restriction. Points £(„) of l( n )(t) are parametrized by 
(i, </>), where t £ [ti,t 2 ] is the time coordinate and <j> £ [0,2tt[ is an angu- 
lar coordinate, J l(n){t) f will denote /„* d(f> f(x {n) (t,4>)), J st = EL/( (b ,(() 
and Jg = / t ' 2 dt J s . Note that the orientation of each circle (t) is cho- 
sen such that J s , cPxe^diiij = — Xm=iJi ft) ^ u ^ or an y one-form it = 
Si=i 2 u x idx . Here and in the sequel, we will currently denote u^(t,c/)) = 

Ei=i,2 M ^(n)(^))^f- and = J2i=iA d xKf)(x in) (t,(f)))^f 1 , for 

any one-form u and function / defined on E* with value in g . For any / £ 
C°°(B, fl), we define e C°°(M 2 ],fl) by = £ / 2 " d0 / (a; (n) (f, 0)) , 

and / G C°°(B,g) by f(x^ n - ) (t,4>)) = f According to our spectator- 
observer perspective, we will disregard information coming from the choice of 
coordinates, and because there is no global topological obstruction to do that, 

we will suppose, in the following, that g^' = 5q. 

We will require the soldering form, the spin connection and also the mappings 
defining the gauge transformations to be smooth on M* and its boundaries. 

These assumptions are too general for our purpose of describing the worldline 
of a point particle, and we have to impose some boundary conditions on the con- 
nection in order to ensure, at least, that the distance, computed from the metric 
associated to the translational part of the connection, from the points £(„) (t, <j)) 
and £(„)(*, (/)')) = is null Vn £ 1, • • • ,iV,Vt £ [*i , t 2 ] , V0, $ £ [0,27r[ (it means 
that a worldline is not a cylinder) , and also to fix kinematical properties of the 
particle. 

There are two relatively different points of view in the litterature about these 
boundary conditions. 

The first construction introduced by E.Witten ^Ql D3| is an attempt to 
restore a complete gauge symmetry in presence of matter. To this aim, we 
associate to each particle a dynamical variable Mc n ) constant along each circle 
l/ n y The action of a free particle I|29J1 being, as a fundamental fact, invariant 
under the rigid left action of the group G defined in yOll . We can gauge this 
symmetry thanks to a so(3, 1)— gauge field A which dynamics will be dictated 
by the action studied in the previous section. The gauge algebra S is chosen to 
be 

3= \t £C oq {M*,q)/T = f} 

and the action of £ £ S on the gauge field A and on dynamical variables M(„) , 
for n £ {1, • • • , N} will be respectively given by: 

5 G \r\A M = D£r , s G [r]M (n) = r?^M (n) , vr e g. (4i) 
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As a result, the minimal coupling action for a particle given by: 



dM, 



Sc[M {n) ,A] = J^dt < X b + ' b - \M^—^l+ M -^A t )^M (n) > , (42) 
is let invariant by the previous local symmetry, because of the formula 6g\T] f(^*)"nj) = 

ftr» + [(A t )f»j,r?«j]. 

The dynamic of the gauge field A is, a priori, described in terms of the 
Hilbert-Palatini action, but the action is now defined on the manifold with 
boundary M* , i.e. S H p[A] = S^ k [A] + S^[A] with 

Scs k [A] = | HI ^ d 3 xe a ^ (< A ai d A 7 > +± < A a , [A ,A 7 ] >) 

= | l dt H (" < A - 9 *^ > + < >)+l ^ I dt l < > 

S * [A] = l iJJ, . d 2 x^<A^\Ap>. 

For the moment, we will not be interested in the possible supplementary 
terms associated to boundaries E tl and S t2 in order to change the variational 
principle. It is manifest that the presence of the tubes corresponding to particles 
breaks gauge invariance of the Chern-Simons action and we have: 

5 G [T]S b c ul s k [A] = - l j ff <d t t\A$ >+! ff d 2 xe« <A i ,d j T> (43) 
5 G [T}S^[A} = ^ [[ d 2 xe^<A h d j T>+^- f < I^U^ > (44) 
4 // d* X e« < 2 dl Af + [A?\Af] - [Af\Af\Y^ > 

In order to recover the gauge invariance, we choose to add the following term 
to the action: 

Sb[A) = l j£<A t \A^> . (45) 

It is immediate to show that Sb [A] transforms as follows under a gauge trans- 
formation: 

5 g [T}Sb[A] = l jH<d t f\A^> 

This expression is exactly the opposite of the problematic term which appears 
in 14.111 : as a consequence, the resulting action S'cs^] + Sb [A] is invariant by 
gauge transformations. 

In order to describe the coupling between particles and gravity, we will then 
study the action defined by: 

N 

S w [A, M] = S HP [A] + S B [A] + £ S c [M (n) , A] . (46) 

n=l 
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The second construction introduced by H.J.Matschull in [221 follows a dif- 
ferent perspective to regularize particles, trying to obtain an action of gauge 
symmetries, in the neighbourhood of the particle, as close as possible from dif- 
feomorphisms and local Lorentz invariance. This regularization appears to be a 
bit more difficult to exploit for a canonical analysis. Our point of view, is that 
both approaches must have a common gauge fixed description, and that for the 
purpose of capturing the whole geometrical aspects of the whole universe, the 
choice of regularization in the vicinity of particles does not have any importance. 
However, in order to develop the canonical analysis of our problem in presence 
of boundaries, we have to take care of some subtleties in the computations of 
Poisson brackets [Jj. 

3.2.3 Dirac reduction of Witten's type action 

It will be convenient to express Witten's type action as follows: 

S W [A, M] = H*£ J dljj d 2 xev< A ( P I d t A ( P >+\< A^F^A) > 



+ Y / <Xn\M^^>>+J s <A t \A^-X>J (47) 

where X is defined to be the mapping from the spatial boundary B to g defined 
by 

-M (n) (t)XnM7\(t) 
*(«(„)(*,*)) = ()U ^ (n) , (48) 

l9 «.(») ,(n) 

Xn = W X b + , (49) 
and we will also introduce n n — ^K fc + ' b - . 

We denote by (^LO/e/j the local coordinates parametrizing M(„), according 
to the previous section, and {^i ( n ))iei a their canonical momenta. As in the free 
particle case, it will be convenient to introduce the functions Pt n ) € of the 
previous variables, defined such that: 

{M (n)1 ,M m } = 0, {P ( „)i,M (02 } = t 12 M {n)2 5 nA , {P (n)1 ,P m } = -[ti2,P(n)i 



We will denote by (Bj)i^i gifi ^i M , the canonical momenta associated to the 
gauge fields in order that: 

{Af l (x),B» J (y)}=6l 6<t6W(x-y), Vs.yeE*. (51) 

For any one-form u = J2 r ei M u x r dx r and vector field v = J2rei M 1,1 ®x r with 
value in the Lie algebra Q, we will define B{u) = J s , d 2 x < B^\u^ >and 
A(v) = J E » d 2 x < A M K > ■ 

Let us examine the constraints derived from the action 114 7J1 . It is immediate 
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to show that the set of primary constraints is given by: 
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C (n) = M ( -jP (n) M (n) + -jXn « 0, Vne{l,---N}. (52) 
2/ 

H(«) = BM-^A^uW^wO, Vu = ^ u B rda; r . (53) 

We will call respectively Cp and Ch these sets of constraints. We deduce, from 
the action, the total Hamiltonian : 

H$[A,B;M,P;n,p] = ^ JJ^ d 2 xe^ < A t \F l3 (A) > + J^< A t \A^- X 

N 



n=l 



where we have introduced the Lagrange multipliers (p( n ))n=i.--- ,n € Q® N , and 
p a one-form with value in g. Conservation of the constraints 15211 under time 
evolution imposes the following conditions: 

0W ^T = i C W> H &} ™^bM-M^{A t )ffiM w ,Xn]. (55) 

As a result, the equations II55II do not impose any secondary constraint. Indeed, 
using the projector introduced in l|97|) . we can show that Lagrange multipliers 
pi n ) are fixed by: 



P{n) — p(n)t) 



K n ,[M^(A t r ( ^M M ,Xn]\ , (56) 



where (pt n )^) ls a freely chosen element of the Cartan subalgebra f) . We will 
prefer to introduce a family vt n ) such that 

p in) =v in) +M(J ) (A t ) a { ^M (n) . 

The restriction il5fill is then easily rewritten as 

f(„) G [)• (57) 

Let us now examine the requirement that constraints llo.'it must be preserved 
in time. In that case, we obtain that: 

° K ^dT = ^ £/ 2 *^ <u l \p 3 -D 3 A t > (58) 



2h (1 



d 2 x e i3 < Ut\F %j {A) > + < u t \A^ ~ X 



It is straightforward to see that equation lj59|) imposes a restriction on the La- 
grange multiplier p: 

Pi = DfA t , ie/ s . 

However, we obtain no restriction on the component pt of the Lagrange multi- 
plier. Furthermore, ll59l) also imposes the following secondary constraint: 

n(«) ee ^[j d 2 x t 13 < v\F l3 (A) >+ J < v\A,p - X >« , (59) 
ve C°°(E*, fl ). 
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We will denote by Co this set of constraints. The previous constraints can be 
written as bulk constraints and boundary constraints: 



h = X (60) 
F ij (x)=0 Vies;. (61) 

The requirement that the constraint Cl(v) must be preserved in time implies 
tertiary constraints. Indeed, using the restrictions of the Lagrange multipliers 
H ilfifif . we can show that time evolution of £l(v) is given by: 



= n([A t ,v})+ [ <v t \d^A t + [X,A t -A t ] > (62) 

J s t 



dt 

The set of tertiary constraints, denoted Cy, is 



T(tD) = [ < w\d$A t + [X, A t - A t ] >« . we C°°{s t ,g) (63) 

J St 



The study of the operator Kjf: C°°(B,g) — ► C°°(B,a), u^d,pu+[X, 



u — u 



is detailed in the appendix IA. 31 As a result, these constraints imply that 

A t = A t (64) 

Conservation of the constraint i|63|l under time evolution produces no more 
constraint, but constraints the Lagrange multiplier pt. Using the previous con- 
straint, we can simplify this fixation to obtain 

Pt = Pt (65) 

The Dirac process ends and we are left with the set of constraints Co = CpUCsU 
CqUCt- In order to study the constrained surface, it will be useful to replace the 
constraints f2(v)and ^ (^) by an equivalent set of constraints. Hence, denoting 

X(x (n) (t,4>)) - Xix^^ + ^M^iC^M^it) 

^M {n) (M( n )P {n) M (n) ) h M^ 



we define 



Q(v) = -jj dW J <v\F i:j {A) >+J <v\A lt> -X> 

T(z«) = f <w\KfA t > 

and we will call Cq and Ct these new sets of constraints. 

The Poisson bracket between constraints of the subset Cp is given by: 

2l c 

{C(„)i, C(/) 2 } = ~[~ (Xn)a - C(n)2; *ia] 8 n ,i ■ (66) 

and the computation of the Dirac bracket has already been done in the free 
particle case. As a result, Poisson brackets involving P/ n ) are unchanged and 



26 



the Poisson bracket between the elements M/ n -s is modified into the following 
quadratic bracket: 

{M (n)1 ,M ( , )2 }i = M {n)1 M {n)2 rf 2 \bf ,V^) 8 n<l (67) 

where T\ 2 is the classical dynamical r-matrix introduced in the previous section 
and X W#? = x^*™ - (C (n )) 6 - -{M-^P {n) M {n) \ . The subset of first 

class constraints C P corresponds to the Cartan part of the constraints Ci n }- 

After this partial reduction, we are left with a Poisson bracket {•, -}i an d 
the following set of constraints C\ = C P U Ch U Cq U Ct . C P are also first class 
in this complete set. 

The subset Cr is treated as in vacuo. The subset of first class (resp. second 
class) constraints is given by C§ = {S(it) | u — u t dt}(resp. C| = {S(it) | u = 
X)/=i 2 u x idx }). The Poisson brackets involving particles degrees of freedom 
are not modified by this reduction because Pr n ) and Mt n \, for n € {1, • • • , A}, 
commute with the second class constraints belonging to C=. The Dirac bracket 
between the gauge field components is modified into the bracket: 

{A(u),A(v)} 2 = ^- JJ d 2 xeij <u\v j > . (68) 

and the momenta corresponding to the spatial part of the connection can be 
explicitely eliminated by the constraints C|. Finally, we have to consider the 
set of constraints C 2 = C P U C° U Cq, U Ct and the Poisson bracket is given by 
{v} 2 - 

The non- vanishing Poisson brackets between elements of C 2 are given by: 

U , V eC/°°(E*, )(69) 

, «;eC7°°(6,0).(7O) 

We have to distinguish first class from second class constraints. It is immediate 
to see that, given w € C°°{B, g), Y(w) would be first class if and only if w = w, 
but, in this case T(u>) = 0, hence, Cx is a set of second class constraints. From 
the Poisson brackets l|70JI . we see that, the constraint 3{utdt) is first class if 
and only if u t € S, and we will denote So (it) = S(itcZf),Vu € G. There is no 
canonical way to characterize the set of second class constraints. However, the 
Dirac bracket does not depend on this choice. This procedure is achieved by a 
choice of a space of functions 8 such that C°°(S*,0) = 30 8, and Vit € 8, u = 0. 
The detail of this space in the bulk is not important and we can always choose 8 
such that the support on S* of its elements is a neighbourhood of the boundary 
chosen as small as necessary, this point will be detailed in the sequel. We will 
denote Ct (resp.C|) the set of first (resp. second) class constraints E(u t dt) 
with Ut € 3 (resp. Ut € 8). All the way, the implementation of C| imposes 

& = B* (71) 

From Poisson brackets l(69"jl . we see that, given it € C°° (£*,£(), the constraint 
f2(it) is first class if and only if u=u. Then, as before, we will denote Cq 



{Q(u), n(v)} 2 = 2£(n([u, v])-J s < u\K*v >) 
{E(udt), f(w)} 2 = - f < w\K§u > 
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(resp.C^) the set of first (resp. second) class constraints Cl(u) with u € S (resp. 

ue8). 

Finally, the set of first class constraints C( is given by C| = C P U C| U 
Cq. In order to compute the Dirac bracket, it will be useful to introduce the 
antisymmetric bilinear form K as follows: 

8 x2 — » c 

(u,v) i — ► K{u,v)=j <u\Kfv>. (72) 

■/■St 

Given an element u £ a, K(u, •) : 8 — > C is invertible and we will denote by 
if _1 (-,w) its inverse, i.e. 

[Vw]K(u,w)K- 1 (w,v) = 5 8 {u- v) , Vu,vG§. (73) 

8x8 

We have to notice that the strong expressions of Poisson brackets between 
constraints of the sets C | and Cy are exactly given by the operator K, however 
the expressions of Poisson brackets between constraints of the set C q are only 
weakly given by K, the problematic term being a combination of constraints of 
the sets C/j and C q. It is however a fundamental property of Dirac bracket that 
we can compute it using only the weak expression of the Dirac matrix as soon as 
we restrict ourself to functions of the phase space which are Poisson commuting 
to elements of C q. 

As a result, the final Dirac bracket between two functions / and g of dy- 
mical v. 
given by: 



namical variables, which are Poisson commuting to elements of Cq, is formally 



{f,g}o = {f,9h + ^ [[ [VujlVvUfM^hK-'iu^Mv^gh (74) 

V JJSxS 

+ [[ [Vu][Vw] ({/,f( l D)} 2 if- 1 ( U ;, U ){So( M ), 5 } 2 -/^.g) . 
i/8x8 v ' 

These results have to be compared with results of 28J. In the following 
we will go beyond this formal result for particular functionals of dynamical 
variables. 

Let us now study the gauge symmetries of our dynamical problem. Now, 
the total action of our problem is given by 

S$ = /" 2 dt ( ff d 2 x i« < AP I d t Af > + < B'ldtA > 



-f:<P(n ) \^M [n ]>-H^) (75) 

n— 1 / 
/ N N 
H W = /Z < P (n)\Mn) > + V < V [n) \C (n) >+ d 2 X < B l \ Pt > 

\n=l n=l 

ff .9 44 a i -■ — i / j \ 



d 2 xe^ < A t \Fij(A) > jf < >) • (76) 



where, the dynamical variables (Ai)i € j s , A t , J5 4 ; M, P; v, pt are restricted by 
J53(B3MES|ldJ. Given a family {^ n )) n =i...N & f) XJV , and a function T e 3, the 
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following gauge transformations of the dynamical variables: 

5w[?,r]M(„) = -M( n) ^ (n ) - v (n) M (n) , s w [^,r}p {n) = [p ( „),r (n) ] (77) 

5 W [^T]A^=D^T , 5 w [?,r]S'=0 
5 w [s,T]pt = -dt(D t T) , 8w[s,T]v( n ) = d t ?(„) 
transform the total action as follows 

Mc,W = hfl d*xe« <2d i Af + [Af\Af]-[A?\Af\T^> 

+t / < r(T) »4 i) >+E[<^)ix 6?),6 - ) >]t 

According to the conclusions obtained for the same problem in the pure 
gravity case and the free particle case, we will not try to add boundary terms 
in order to achieve the complete covariance under the gauge symmetries. Our 
choice, in the purely massive case b_ — 0, will be to consider observables 
invariant under the symmetries Sw , T] , and to fix a proper-time gauge for 

the symmetries of the form Syy [<^ n >' , 0] . 

As a summary, the phase space of Chern-Simons deSitter gravity is given by 
the space of dynamical variables A^ , B t , M( n ) ,P( n ) constrained by 16011 (1 ( > 1 1 Ki4t lo2t 
and the Lagrange multipliers of first class constraints pt,v/ n ) restricted by 
this space having to be moded out by large gauge transformations 
denoted Aw[A,<?] obtained by exponentiation from ff7|. and the Poisson alge- 
bra of these dynamical variables being given by the Dirac bracket l|73J) . The 
hamiltonian is given by 15411 . and the dynamical equations are then 

M (n) = —At(n)M( n ) - M(„)U(„) P(„) = [-P( n ), At{n)] 

Ai = DiA t A t = Pt 
3.2.4 Overview on the reduced phase space 

Following the participant observer point of view, we do not want to enter into 
details of any gauge fixing concerning the symmetry 8g- The only gauge fixing, 
required for our purpose, concerns the reparametrization of the worldlines. As 
in the case of the free particle we will restrict ourself to the purely massive case, 
b-( n ) = , i.e. Xn — X^ ■ And we will require the gauge condition 

< "(n) I £l,0 >= 

which, combined with the restrictions c V \s H 2 = imposes (i) — 0,Vt. 

The aim of this subsection is to analyse the content of the reduced phase 
space of Chern-Simons deSitter gravity. Let us for convenience take £ to be a 
2— sphere, and we will consider that the particles are indexed by an element of 
Z/iVZ rather than an integer from 1 to N. Let us distinguish N continuous fami- 
lies (t and r\ are the continuous parameters) of curves Si^it), ne {1,...,N},0< 
rj < it, t £ [t\, ts] chosen to be such that 

(SW (t) G £ t *) , (s<"> (t) n ^7° (f) ^ r, = rf, n = n',t = f) 
=x ( „ ) (t,7 ? ), e(SW(t)) =ar (n +i)(*,27r-77), 
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Figure 1: notations 




Figure 2: decomposition of in two connected simply connected closed subsets 

and, if we denote 

£(+)(W)( t ) the curve 9 € [0, | rj — rj'\] i > Xf n \(t,mm(r],ri') + 9) 

(t) G [ 0) |, 7 - r)'\] i-» (t, 2tt - max(r/, r/) + 0) 

iri+XW)^) 9e [Q,2Tt-2max{rj,T]')]^x {n) (t,max{ri,r]')+e) 

jK-)(W) ( t ) 6» e [0, 2min(r?, r/)] ^ a; (ri) (t, 2tt - min(»j, r/) + 9) 

we require also that, if r? < 7?' the curve ^(t) o ^i+ ) 1 ( ' 7 '' 7 ' ) (t)- 1 o S^O)" 1 o 
^""''''(t) be a contractible curve in ££ surrounding a connected simply con- 
nected open subset of which will be denoted Z^ n+l {t). 

In the following, rj is fixed and we impose < 77 < ^. We will denote Nj: + ' n ^ 
the connected, simply connected, open subset of ££ which boundary, followed 
in the counterclockwise sense, is the curve 

We will denote Nj: ' v ' the connected, simply connected, open subset of SJ 1 which 
boundary, followed in the clockwise sense, is the curve 

The intersection of A^'^and N^' 71 ^ is the disjoint union {J^ =1 Z^ +1 (t), and 

£* = U Nt' n) ■ The previous notations are summarized in the figures 1 

and 2. 

Endly, we will denoted") = Ut 6[il ,t 2 ] N^ v) and Z^ +1 = \J te[tlM -Zj&iW, 
and = U te[tl , t2] sk n) {t). The zero curvature equation Q can be solved on 
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each subset W^in terms of smooth mappings 

fc(±) : N {± ' v) -» G A = k-^dk {±) . (78) 

If we denote the mappings defined on Z^ +1 by fc(+)A;^\, the univalua- 

tion of the connection imposes = and then tt^t+i is a constant. The 

boundary conditions imposes restrictions on the gauge. Indeed, ll(i(H imposes 
k (±) (x (n) (t, if + % ± f )) = tf (±)j „(t)e*^M ( -}(t), for p e [0, f ] and im- 
poses (K-^ )n d t K {±hn ) = w (± ),„(t) € h, and then -ftT( ±))n (t) = ^ (±)in (ti)e^i dTW w^ ( - T \ 
The dynamical equations impose the relations W(±), n = u/ n ). 

The gauge group G acts on A as Avk[A,<7]j4 = g~ x Ag + g~ 1 dg, hence, 
it acts on fc(±) as A^[A, <7]&(±) = fc(±)<?- -^(n) transforms as Ay^ [A, <?]M( n ) = 

5- 1 ) M ( „ ) A(„), and on e J *i "<"> as A w [X,g}e J H "<"> = e J A A (n) (t)A (n 1 ) (t 1 ), how- 
ever we have already fixed partially the gauge symmetry associated to the 
reparametrization of the worldline, then A(„) = A© G H^ L \ Endly, G acts 

on K(±j n (t) as Ajy[A, g]K^ tn (t) = K(±y n (t)\^(t). We are then led to intro- 
duce 

X (±hn (t) = fc (±) (x ( „ ) (t,|))M ( „ ) (t) e -A d ^(">M, 
which owns the properties 

d t X (±)tn (t) = A w [X,g]X {±hn (t) = X (±)i „(t)A^ ) ) (t 1 ). 

It has to be noticed that the redundant parametrization of the connection 
induces a supplementary rigid symmetry k(±) — > a(±)fy±) associated to a pair 
of fixed elements of the Lie group, and this freedom will be used to impose 

X (+u (t 1 ) = X { _ u (t 1 )eH^. (79) 

Now, we want to identify functions on the phase space encoding the gauge 
invariant part of the phase space and then parametrizing the reduced phase 
space, in a way which will allow us to describe the Poisson brackets in these 
terms. To this aim, we will introduce some quantities which will be associated 
to a given point in the phase space. Let us define 

D(±), n {t,t) = e y <d D (±hn e y (»> , 

D (±),n = ^ (± 1 ) 4 (tl)^(±),n(^l) 

Fundamental properties of these datas are 
dfD {±u {t,t') = £>(±),„(t,t>S) A w [X,g]D {±hn (t,t') = A[f ) ) (t 1 )- 1 ^ (±L „(t,<')Ag(ti) 

Let us introduce an equivalence relation on the extended phase space. Let 
be given two points (A, M, v), (A 1 , M', v') in this space, we choose mappings 
k(±),k'fj c \ respectively associated to A, A', and build the corresponding quanti- 
ties £> (± ),„,£>( ±)i „. 
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We will say (A, M, v) ~ (A 1 , M', v') if and only if 

Vn = l..JV, (80) 
3{^) n=1 ... N G (if^) xjv , s.t. C , (±)in =o;p ) i?(±),n4 £) " 1 - (81) 
The first point to notice is that, 

3(A, fl )eG/ =*- (4, M, u) ~ (A', M', t/). 

i ff [A, 5 ](i',M', IJ ') = (i,M ) «) 

Reciprocally, 

(A,M,v)~(A',M',i/) => 3(\,g)eG,3(Lo n ) n=1 ... N e(H^r N / 

A w [X,g](A',M',v') = (A,Muj,v). 

Indeed, we choose mappings /c( ± ),/c| ± ^ respectively associated to A, A 1 , and we 
denote a(±) = X(±) i(ii)^i^(±),i(^i) _1 and g = fc'( ± 1 )0(±)fc(±) onJ\A ± '' ? ). Re- 
lation H81|) . through D(+^ n D7_~. „ = ^(+) n^'^l) n an d ^ ne univaluation of the 
connection implies Mi = 1...N, a+Ui^+iaZ 1 = u[ i+1 , and then, the mapping g is 
univalued and smooth, and we have A = g~ 1 A'g + g~ 1 dg. Relation jSQtjHISt an d 
dynamical equations, imply M(„) — g^MisW^e^i ( T ) v i.™)^. Then, 

if we denote Xt n \(i) = e^'i dT ( , V)(' r )~ t ' (»)( r )) ; we obtain the announced result. 
The ambiguity associated to lu will be completely irrelevant for the observables 
we will consider. As a conclusion, (f/ n /) n =i...iv, (-D(±),n)n=2...;v appear to be 
interesting variables for our purpose. However, these variables are not indepen- 
dent. Indeed, we have easily 

Un,n+1 = k(+)(x( n )(t, ^))fc(_) (z ( „) (t, = X( +) ,„X ( "1 1 ) „. 

= fc(+)( x (n+i)(*> y))fc(-)( x (n+i)(*, y))" 1 = X (+), n + ie27rXn+1 X (-),n+i- 
where we have used the formula 

Vn - 1...N, fc(±)(x ( n)(t, y)) = fc( ±) (x( n )(t, |))M (n) (i)e ±x "' r M (n) (t)- 1 . 

These relations allow us to express the family {(D(_\ n ) n =i...N I = l} m 

terms of the other datas, more precisely 

= (jliD^e^D^^ D {+hl e 2 ^. (82) 

Endly, the combinatorial datas defining a point in the reduced phase space 
are the class of elements 

( w ( n ))n=i...JV, ( D (+), n)n=2... n fixed up to symmetries 
£> (+)in -> 4 i) J D (+))n (t 1 ) W W- 1 , (4 i} )»=i...iv G (ffW) xJV (83) 
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4 The combinatorial description of 3 dimensional 
gravity 

This section is devoted to the study of the participant-observer approach and 
the technical tool adapted to the development of this approach, i.e. the com- 
binatorial description. This approach is radically different from the usual ones 
abundantly developed in the litterature (see for example [24 J, closer from a 
local approach or a spectator-observer approach, which are, to our point of 
view, failing conceptually and technically to capture the physical phase space 
of gravity in a really covariant way. 

4.1 Towards a participant-observer description 

4.1.1 second digression: clocks and measurements of a participant 
observer 

Till now we have taken a local point of view, in the sense that, the coordinate 
system is fixed, a part of the gauge freedom is freezed. We do not want to develop 
a spectator-observer approach but rather use previous observables associated 
to matter degrees of freedom to build a participant-observer description of the 
dynamic of self-gravitating particles in a closed universe. Two questions could be 
adressed to this program: which physical information can be recovered from such 
observables, and what is new in this approach which could solve the well-known 
problem of observables in gravity? It is obvious that most natural observables 
of gravity are based on causal processes between different material bodies in the 
universe. Let us discuss some examples. The distance between a celestial body 
and the earth can be measured by measuring the time a light signal takes to 
run to it and to run back to the earth. The angle between the two light signals 
arriving at the same time, on the earth, is also observable. What sort of local 
physical measure are we thinking about when we say "at the time" or "during the 
time"? Two different properties of our "clock" seem to be required in previous 
experiments: capability to distinguish moments of time and to measure intervals 
of time. We have to carefully distinguish between the properties we require from 
the physical process at work in our clock and the properties of the measurement 
process itself. The observer can choose, as a clock, any process interacting 
with himpj]. For example, the observer on the earth is able to measure time 
using processes which are not directly related to astrophysical considerations, 
like oscillations in an atomic clock, but it is also possible to use astrophysical 
measures by using, for example, the varying angle between two celestial bodies 
to measure the flow of time. In any case, it is necessary, in order to discuss 
simultaneity of the reception/emission of the signals, that our measurement 
process allocates at most one moment of time to any event. However, requiring 
this property to the measurement process is not sufficient if the sub-system 
constituting the clock has a periodic behaviour. Hence, we require moreover for 
the measurement process to have the capability to order moments of time. These 
properties being fullfiled, the measurement process has no capability in itself to 
have a trace of a priviledge flow of time. These properties of the measurement 
process are directly encoded in the parametrization of the worldlines by classes 
of smooth and bijective maps modulo diffeomorphisms. It is a fundamental fact 
that, in the description of free-particles as well as of self-gravitating particles, the 
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boundary restrictions on the gauge freedom degrees (V( n j )n=i—N appeal gauge 
fixings compatible with the gauge fixing of the reparametrization invariance of 
the worldlines of particles. Any process interacting with the n— th particle and 
giving a varying index (a varying angle between stars, an internal process...) 

(T) 

can be used to gauge fix v)s as the value of this index. Obviously, this choice 
of clock will have no consequence on relative measurements as described before. 
Our proper-time gauge is one of these choices. 

4.1.2 reconstruction of the geometry from the participant-observer 
measurements 

Now, let us study how to recover the natural observables (distances, angles,velocities,...) 
we have just described in terms of the datas parametrizing the reduced phase 
space. 

Let be given a set of datas l(83jl defining a point in the reduced phase space 
and a representant (A, M, v) of this state, chosen such that the condition l|79JI 
as well as the partial gauge fixing 

M (n) (t) = e^i dT "(") (T) ,Vn = l...N. (84) 

be verified. 

As noticed in section l3~Tl a smooth and injective mapping r from an open 
subset of R 3 to T a being given, its image is isometric to an open subset of dS^. 
If we dress r by any mapping A from ffi 3 to V a to form a mapping k = tA 
from an open subset of K 3 to G, then the connection A = k~ 1 dk gives a first 
order description of an open subset of dS^. Reciprocally, any mapping k from 
an open subset of R 3 to G, can be linked to a mapping r from an open subset 
of R 3 to T Q using 12fill H28J1 , however this mapping is not necessary smooth and 
injective and its image can be very different from a region of dS§. If we ask this 
mapping to be smooth and injective, by requiring the property (1211 . we then 
obtain an image which is isometric to a part of dSa- Then, the relation lf78j) 
solving the zero curvature equation for A ensures, that the image of A/" < - ± '°Hn 
T> by the mapping fy-yfe^o is isometric to a closed subset of dS% as soon as 
this mapping is injective. The first order datas associated to the constantly 
curved geometry of dS^ are encoded in A, the geometric properties (distances, 
angles, ...) can then be recovered from fy±), however the value of /c(±) has no 
gauge invariant meaning except at the location of particles. It is then natural 
to introduce the datas (x(i) (i, : |)) _1 fc( + )(a;( n )(i', ^)). But in general, if we 
do not choose the previous partial gauge fixing, and if we consider location of 
particles corresponding to different time labels, we have to consider D/±\ n (t, t'). 
We are then able to compute distances , or the apparent angle between the n— th 
and the p— th particle seen from the 1— st particle, from these datas. For 
example, the distance between the location of the 1— st particle when its time 
label is t and the location of the n— th particle when its time label is t' is given by 
lltr(D( +) n {t,t')D( + - ) n (t,t'y - I) (compare this formula with We could 

ask if the choice of xi n )(t\i%) rather than any x/ n \(ti, 4>) in the definition of 
our observables has a consequence. However, due to boundary conditions such 
a change would affect £>(+).„(£, t') only by a right action of an element of 
and the geometric observables are not affected by this change. 
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A particular representative of an element of the reduced phase space being 
chosen, it is possible to have a picture of the entire spacetime geometry corre- 
sponding to this solution. Indeed, let us consider a point in the reduced phase 
space by the datas The condition (j&fj) being verified, we then have 



u i>i+1 = (f[(D^ k e-^D (+)tk )) 



\k=2 



and the condition ifTflj) being imposed, we have 



k {+) (x {n) (t,-)) = D {+) ^ ^ u <»> 
We have then fixed 2N free falling trajectories on dS; 



3, 



fe (±)(*0»)(fl>i )) e<t ' l)t '(") 

(the boundary l n (t) is mapped onto a point by the previous mapping). The 
first particle plays the role of the observer, and is considered at rest (condition 
J79jl ). For any n = 1, ...,N, the surface Q k ^5(0)) ls mapped onto Q k ^ s m^ 

by the isometry Q 1— > Un.n+iQ'^n „+i- The images by the smooth and injective 
mappings Af^^ — » I?, (x tl ) tie i M <3fc (±) (x) are two regions of CLS3, these 
regions are separated by a third one which has to be cutted out from dS^ in 
order to glue them together along their boundaries by Qk (+) ( x ) ~ Qk [ _ ) (x)^ x G 

U r i=i...Ar5i°' > in order to obtain the geometry of the spacetime described by our 
classical solution (this procedure is the usual way to build multiconical solutions 
by removing regions associated to conical defects and then glue along the cuts) . 

There is a nice way, a classical solution being chosen, to compute the datas 
necessary to describe the previous geometrical observables. Indeed, if we define 
the holonomy Ux >n {A) = Pexp J c A of the connection A along a curve C entirely 
contained in N^' ^ going from xn)(ti, §)to X( n )(ti, We have to notice that 

( T 1 ) / ( T 1 ) 

e (ti-t)v (1) M -U t ^u x ^A)M {n) {ti)e (t does not depend of the represen- 

tant we have chosen. The zero-curvature equation obeyed by the connection 
ensures that we do not change the value of these elements by replacing the 
chosen curve C by any other curve C being such that C o C is a contractible 
curve in Yl*t • ^ ne curve C being entirely contained in N^'°\ the relation l|78|) 

implies that e^K?? M^(t 1 )U 1 , n (A)M (n) (t 1 )e ( - i '- tl)v ^ = D (+)<n (t,t'). 

We have emphasized a certain homotopy class of curves, which choice has 
been guided by the decomposition of our manifold, in order to compute previous 
observables. However, what would be the result if we change this homotopy 
class ? Let us study this point through an example. Let us choose a simple 
curve C going from scm(ti, f )to Xi p ^{t\, -|) through N^' ^ and then going from 
X( p j(ti, -|)to X( n )(ti, ^) through N$ . The holonomy Uq(A) — Pexp JgA of 
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the connection along this curve can be written as 

U d {A) = |))fc(-)(z( p )(*i, 

= |)) _lu P,P+ifc(-)( x (™)(*i' f ))■ 

This formula has to be understood in the following way: is an element 

of the isometry group of moves on dS% such that u p _i iP u~ p+1 is a move describ- 
ing the defect angle of the gravitational lens provocated by the p— th particle, 
to replace k/ + \(x/ n \(ti, ^)) by Up^+ik^ix^iti, ^)) consists in replacing the 
location of the n— th particle by its virtual image through the lens described by 
the isometry defined by u p . p+ i. As a conclusion, if we replace Ui >n by Ug in the 
computation of the distance between particles 1 and n, it will just consist in 
replacing the n— th particle by this virtual image and then compute the distance 
as if the 1— st particle and this virtual image were both on dSs. 

We have to notice also that e {tl ~ t)v ^ M^(ti)U^M^ n) (ti)e {t can be 

written in terms of our basic datas. Indeed, we have easily 

e (* 1 - t ) u wM ( - ) 1 (t 1 )C^M (n) (t 1 )e (t '- tl) <) = D^t^D-^D^tut 1 ). 

More generally, for i, i' e {1, ...,N} ,t,t' e [ti, £2], we will denote by C(i,t),(i',t') 
the set of continuous curves s € [0, 1] C(s) e A4* such that C n B = 
{C(0),C(1)} and C(0) e i (i) (t),C(l) e We introduce an equivalence 

relation on this set, denoted ^(»,t),(»',t') an d defined such that C ^(i.t),(i> .t') C 
if and only if we can interpolate between C and C using a continuous family 
of elements oiC^ t ),(i',t')t an d will denote C^ it ) t (i' t t') the set of classes under this 
relation. 

In the same way, we can define observables corresponding to distances for 
any homotopy class of paths C^i,*)^.*') by the formula 

d(C (1 ,t ){n ,t>)) = l 2 MDp tn {t,t')D P , n {t,t'y - 1) 

D P , n {t,t') = e (tl - i) <) , M ( - ) 1 (t 1 )C/ c (i)M w (f 1 )e^ tl), 'w 1 (85) 

where Uc{A) is the holonomy of the connection along any particular repre- 
sentative C of this class of paths. As before, any of these observables can be 
expressed in terms of our basic combinatorial datas. 

4.1.3 third digression: degenerate metrics from the participant ob- 
server's point of view 

We have emphasized along previous sections that the choice between Chern- 
Simons gravity and true gravity consisted in the choice of large gauge transfor- 
mations, and especially their capability to transform a non-degenerate soldering 
form into a degenerate one. Degenerate soldering forms have been introduced in 
Lorentzian gravity as a bill to pay if we want to incorporate, into the framework, 
transitions between topologically different spatial slices along time evolution of a 
universe. All the way, spurious degeneracies are always present in the formalism 
because of topological obstructions against coordinatization (for example, the 
2— sphere can not be parallelised by a globally non degenerate soldering form, 
although it exists well defined geometry on it). On another part, the problem 
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of caracterizing true singularities independently of any coordinatization choice 
is a difficult task. In a participant-observer approach of gravity, the problem is 
posed independently of any coordinatization and the question of the existence of 
true singularities is transfered to the problem of the existence of physical mea- 
surements giving evidence of the existence of such singularities. We have then 
to study the consequence of true singularities on the set of non-local observables 
based on matter degrees of freedom. The choice between Chern-Simons gravity 
and true gravity is however fundamental in this study because gauge transfor- 
mations in Chern-Simons theory can transform a non-degenerate soldering form 
in a degenerate one. Reciprocally, in absence of global obstruction, it has no 
sense to say that a classical solution of Chern-Simons theory has a degenerate 
or non-degenerate translation part, because only the gauge orbit is physically 
meaningful. Generically, we can find a representative in any gauge orbit with 
no true singularity. Considering naively this fact, it would seem that, a part a 
sector of classical solutions owning true degeneracies which cannot be washed 
by gauge transformations because of global obstructions, we could map gauge 
orbits under Aw of Chern-Simons theory onto gauge orbits under A^ pd of 
true gravity, however this naive picture is rigourously false. As we already men- 
tioned, the set of gauge orbits of true gravity is made of an infinite number of 
copies of the space of gauge orbits of Chern-Simons theory (to see this through 
a simple example, see Indeed, there are generically an infinite number 

of diffeomorphically inequivalent geometries which are however gauge related 
by Aw and then considered as the same object in Chern-Simons gravity. This 
result constitutes a fundamental problem for the Chern-Simons approach and 
we will try to elucidate how to repare it in a participant observer perspective. 
Let us precise the problem in the case of gravitating particles on a sphere (this 
discussion is directly inspired by [23|1. 

The choice of an element of the reduced phase space of Chern-Simons de- 
Sitter gravity consists exactly, the conditions H84H l|79|) being chosen, in the 
choice of datas (kr + \(xr n \(ti, ^ ))) n =i...jv, up to fixed elements in H^ L \ and 
(v K ) n =i,...,jv- The bulk gauge transformations Aw act freely on dynamical 
variables but let these datas fixed. In the following, we will denote shortly 
Q(±)( x ) = Qk (±) (x) because the spin part of will not be of particular in- 
terest for the present discussion. A particular representative of this state be- 
ing chosen, we can build the corresponding spacetime according to previous 
subsection. We have to notice that the smooth by parts surface Q( + )(Sn ^) 

is only constrained along trajectories 7^ + ' where it is eventually not smooth, 
the rest of the surface being a priori freely chosen. Once the previous surface 
is chosen, the surface (S^) is uniquely obtained using the fixed isome- 
tries associated to w„ jrl+ i. For a given family of free-falling trajectories T^ + ' = 

(t i > '7^ +) (t))n=i,...,7vin dS 3 and a given family 9 = (s„,„+i) n =i...iv of ele- 
ments of the isometry group of moves on dS 3 , we will denote by K( r (+) c^the set 

formed by families (e>4 + \ a„ ^)n=i,...,N, such that <7„ is a mapping from Sn^to 

dS 3 , for any cj>, T n (+) = {< h- a^(x n (t,<f>))} ,t£\ = [t ~ a^\x n+1 (t, 0))} , 

(Tn (x) — s„^ l+ i(cri + '(a;)),Vx € Sn \ As a result of the previous discussion, 
an element of the reduced phase space of Chern-Simons gravity being cho- 
sen we can associate uniquely a set (T^jQ^and for any pair of elements of 
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^(T(+>,3) we can obviously find a gauge transformation Aw which maps one el- 
ement to the other one. If we require the non-degeneracy of by constrain- 
ing the mapping x i— ► Qr±\(x) to be injective the situation is very different. 

OiLiQ(+)(Sn^) and Oili ( 9(-)(£«°' ) ) correspond to two smooth (except along 
the lines ), disjoint, simple surfaces in dSa surrounding the two disjoint im- 
ages of A/"^' - 1 by the smooth and injective mappings A/" ( - ±,0 - ) — > V, (x fJl ) tJ , < =i M i— > 
Q(±)(x), which can be both isometrically mapped to a part of dS^. The en- 
tire spacetime being recovered by gluing these two parts along 0£LiQ(+) (<Sn ) 

and Ot=iQ(-)(<Sn°^)- The action of bulk gauge transformations Al,pd on the 
previous datas is obvious, the local Lorentz transformations act trivially on 
these datas, the projectable diffeomorphisms connected to the identity trans- 
form the surfaces OiliQ(±)(£«^) by smooth deformations in dS^ leaving the 

lines unchanged (as well as the isometries associated to u n ^ n +i)- The pro- 
jectable diffeomorphisms do not affect the injectivity of the maps Q{±) and then 

the surfaces OfLiQ (±)(£™°' ') stay smooth by parts, simple and disjoint under 
these transformations. We will denote H^ 1 ^ 6 ^ the subset of K( r ( + ) ^formed 

by elements (4 +) ,4 _) )n=i,...,w such that Oili^i +) (^ 0) ) and Of^ai^ (Sk 0) ) 
are disjoint and simple. We can introduce the equivalence relation « be- 
tween pairs of elements of H*™^ e ^ defined such that (on + \ °rT )n=i,...,N ~ 
n )n=i,...,N if and only if we can find a continuous family of elements 
of N/™+)^cj) interpolating between (ai +) , On )n=i,...,jvand (er'l + \ a'\^) n =i,...,N- 
Each equivalence class will be called a skeleton of the corresponding geometry. 
Endly, K^^^will denote the set of equivalence classes under this relation. For 

a given point in the reduced phase space, and then, for a given family (T^ + \ 3), 
the set K^^^is generically not reduced to a single element. This result proves 
clearly the announced result that the phase space of true deSitter gravity is in 
fact larger than the phase space of Chern-Simons deSitter gravity, and our com- 
binatorial datas do not manage to capture the whole information about a 
classical solution of deSitter gravity. Moreover, once is fixed a set of combina- 
torial datas and an associated skeleton the non-degenerate geometry is entirely 
fixed up to a projectable diffeomorphism. Hence, we obtain a combinatorial 
description of the reduced phase space of true deSitter gravity, because a point 
in the reduced phase space of true deSitter gravity is fixed once are chosen a set 
of combinatorial datas and a skeleton for these datas. The previous discussion 
shows that classical solutions associated to different skeletons have to be physi- 
cally distinguished as soon as we require the non-degeneracy of the metric. It is 
important to notice that the corresponding geometries are really different and 
these differences have fundamental and easily observable consequences on the 
measurements made by the observer. Let us study this point through a simple 
example. We represent, on the following picture, the images on the sphere of a 
given region R of S* (with light grey background) by two different mappings. 
This region contains particles i,i + 1 (black disks) and the first particle, play- 
ing the role of the observer (medium grey disk). We will assume that the two 
mappings are identical except in this region, and that the image of R is such 
that the point masses p^y + l are sufficiently far from particle 1 in order 
that the minimal distance between particle 1 and particles i, i + 1 are given by 
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the geodesic distance along paths entirely contained in this region. On these 
pictures the images of R n Nj*~ and R n Nf are separated by a region drawn in 
dark grey which has to be cutted out, the two images being glued together along 
the cuts, in order to recover the multiconical geometry associated to these map- 
pings. We have chosen two mappings corresponding to the same combinatorial 
datas, indeed the isometries associated to the gluings are the same (rotation 
of angle gg centered on the particle i + 1 for the gluing of the segment S^ lt 
rotation of angle ^ centered on the particle i for the gluing of the segment 

and identity map for the segments S^\s[°\S^), and the positions of particles 
on the sphere are the same. However, the skeletons differ radically, in a way 
shown on the picture. 

We have drawn with a thick line the geodesies belonging to homotopy classes 
of paths for which such a minimal distance curve exists and with a thin line paths 
belonging to homotopy classes of paths for which no curve of this class is able to 
minimize the distance, the corresponding curves on are indexed by the small 
letters and their images are indexed by the corresponding capital letters on the 
two multiconical geometries. It is clear, in this example, that these geometries 
cannot be identified as the same geometrical object, because distances and angles 
associated to images of point masses, as measured physically in the sky of the 
observer, are different. However, the difference is subtle. Indeed, although 
the "distance-observable" il85|l between particles 1 and i + 1 can be technically 
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computed (and is a Dirac observable for Chern-Simons theory), for example, 
along the path a! in both cases, it gives really a geodesic distance only through 
the mapping 1 for which the path A', drawn on the multiconical geometry, is 
actually a geodesic. Through the mapping 2 there is no geodesic curve in the 
homotopy class of a', the "distance-observable" (|85l) gives the virtual distance C 
which does not correspond to any geodesic curve, the geodesic curve being in fact 
in the homotopy class of the path a and give the geodesic distance A. According 
to our assumptions, the minimal distance at which the particle i (resp. i+ 1) is 
seen by the observer is the length of the segment B' (resp. A') for the mapping 1 
and is the length of the segment B (resp. A) for the mapping 2. And the picture 
shows clearly that the angle between both rays coming from particles i, i + 1 and 
received by the observer are in the case of mapping 1 is more acute than that 
in the case of mapping 2. As a conclusion, it is important to emphasize that the 
two geometries are neither related by a projectable diffeomorphism connected 
to the identity (because their skeletons are different) , nor related by an element 
of the mapping class group which would just exchange homotopy classes a and 
a'. This point agrees with [23 and disagrees with the conclusion of |24j . 

4.1.4 the observables of Chern-Simons gravity and true gravity 

In order for us to develop a combinatorial approach of Chern-Simons and true 
deSitter gravity we have to determine a set of observables which would allow us 
to distinguish points in the reduced phase space of each theory and would allow 
us to compute explicitely their Dirac algebra. 

We already know how to distinguish points in the reduced phase space of 
Chern-Simons deSitter gravity using our combinatorial datas l(83"jl . However, 
we will introduce, in the next subsection, algebraic objects, called generalized 
spin-network observables, built from these datas and equivalent to them in their 
capability to capture the whole reduced phase space of Chern-Simons deSitter 
gravity. We will see that the Dirac algebra of these observables can be explicitely 
computed and emphasizes nice algebraic structures which seems to be easily 
quantizable. 

It is fundamental to notice that these observables are also observables of 
true deSitter gravity because of their larger invariance properties. Moreover 
their Dirac algebra do not depend on the theory we are considering, because the 
considerations about large gauge transformations do not concern the definition 
of the Dirac bracket. However, they are not sufficient to capture the richness of 
the reduced phase space of true deSitter gravity, and we have to identify new 
observables in order to complete the description. 

Let us define at least one observable, called "window-observable", allowing 
us to distinguish between different skeletons. According, to the discussion of the 
previous subsection, it seems that the geometries associated to different skele- 
tons differ in the fact that, in the same homotopy class of paths, a geodesic curve 
of the multiconical geometry can be found or not. If a geodesic curve belongs to 
a given homotopy class of paths, the distance observable associated to this class 
and computed from combinatorial datas is actually the distance at which the 
observer locate the corresponding point mass using the physical measurements 
he can realize. Hence, let us choose a set of acceptable combinatorial datas 
(according to constructions of previous subsections), a skeleton associated to 
them, a class of paths Cujsui tn and an element C € Cu t),ui,t')- We will denote 
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■yyhght function defined as follows: we choose a particular representative 
(A, M, v), obeying as usual the condition I|79J1 . of the point of the reduced phase 
space of true gravity associated to the combinatorial datas and the skeleton, 
then we define yy^ 9 ' 1 * to be equal to 1 if there exists a representative C of C 
which is a lightlike-geodesic in the geometry defined by A^ T \ and to be equal 
to elsewhere. 

For purely technical reasons it is generally more simple to work with equal- 
time geodesies rather than with lightlike geodesies although the latter are the 
natural objects to discuss causality. All the way, the problem of relating these 
two objects is simplified as soon as our point masses have inertial trajectories. 
We are now able to formulate a conjecture: 

the set of windows and spin-networks observables distinguishes points in the 
reduced phase space of true deSitter gravity. 

This point deserves a careful analysis which will be given in a forthcoming 
paper. 

4.1.5 fourth digression: the action of the mapping class group 

The choice of the decomposition of the manifold as the union EJ = 
iV t '°' is non-canonical, and then, the distinction we have made between virtual 
and true images in subsection 14.1.21 has no intrinsic sense, and all homotopy 
classes produce, along previous constructions, equally acceptable observables 
for Chern-Simons gravity. Moreover, our participant-observer has no external 
tool to distinguish between homotopy classes by only measuring time intervals 
associated to exchange of particles along the different paths, then they have 
to be considered on the same footing. However, if we think to these distances 
as measured by the exchange of particles, it is natural to distinguish between 
different homotopy classes if the observables corresponding to some of them 
could not be associated to a physical process. It is clear from previous subsection 
that the observables l(85l) can be considered as distances between the observer 
and the point mass if and only if such an exchange of physical particle can occur 
along this homotopy class of trajectories. 

A priori, the set of windows observables is a natural complement of the set of 
combinatorial datas, indeed it is the necessary and sufficient information allow- 
ing us to distinguish true images from virtual images in the sky of the observer. 
Then, a contrario from the situation of Chern-Simons deSitter gravity where a 
point mass was seen from an infinite number of directions and distances (corre- 
sponding to different but indistinguishable homotopy classes of paths) leading 
generically to a non-Haussdorf apparent sky for the observer, none except a fi- 
nite number of equivalence classes of paths admits a light-like geodesic and then, 
even after having moded out our set of observables by the action of the map- 
ping class group of the surface, the apparent sky of the observer in true deSitter 
gravity, defined to be the respective positions of stars computed from combina- 
torial datas by the formula l(85|l for classes of paths which window observable 
has value 1, will show a finite number of stars. 
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4.2 Towards a combinatorial description of the N-body 
problem in deSitter gravity 

This section is essentially technical and aims to show how to describe combina- 
torially the Poisson structure on our algebra of observables. 

4.2.1 Definition and properties of generalized spin-networks 

Let us begin by developing a formalism generalizing spin-network's formalism 
for our purposes. We will choose 2N new tubular compact neighbourhoods 
(C( n )) n= i...jv, (c" n ))„=i...jv of the worldlines such that c ( „) (resp. c' (n) ) is strictly 
contained in the interior of C/ n x (resp. c'/^) for any n, and (/^ncj^ = if n ^ p, 
we will denote (l'/ n \) n =i...N,{l'/ n \)n=i...N their respective boundaries and s' t — 
lU...;v l{ iV 4 = U=i...iv l"iy We will denote £* t = E t * n \J n =i...N^) ~ l "n))> 
T,'* = E t - U n =i...iv c (n)' S "t = S * _ U n =i...iv c (n)- Let us define a generalized 
spin-network. We choose 2M distinct points (z(,))i=i...M ; (j/(i))i=i...M such that 

^ s t, € s " and denote (P(i))i=i...M disjoint simple oriented curves, which 
interior are included in ££, P(j) connecting t/(,)to Let be given an open 
graph drawn in ££, Ti will denote the ordered set of its oriented edges and 
To the set of its vertices, for any P g T\ e(P),d(P) will denote respectively 
the end and the departure point of P and we will as well use the notation 
P = [d(P)e(P)]. We will impose 3/(i),2(i) € 7b, Vi = 1...M and will denote 
T^ = To- {z {l) ,i = 1...M} , T{ = Ti - {P (i) ,i = 1...M}. We will also require 
Ti n = Ui=i M-P(i)- To each P G Ti we associate a representation lip 
of the envelopping algebra W(g), and to each to g Tq, P g Ti we will associate 
n„,p = lip if tu = e(P), np if w = d(P), i elsewhere . To each to g Tq, will be 
associated an intertwining operator <Ev g Hom W( - g ) (®p eTl Vn ra P , C). The set of 
previous datas (the graph with edges colored by representations and the set of 
intertwiners associated to vertices) will be called generalized spin-network and 
denoted S. Two spin networks will be said to be transverse if the intersection of 
their graphs is disjoint of their set of vertices. 

We will denote U^ P (A) = Pexp IL P (A), the element of End(y np ) = 
Vrip ® V^ p (which matrix elements are functions of the connection A) given by 
the path ordered exponential along P g Ti , of the connection A, taken in the 
representation lip. 

We will associate to the whole set of previous datas the following functions of 
the connection O b s ulk = (® w£T , * W )(® P€T , U% p ) g Hom«g). =1 M Fn V(j) , P(j) , C), 

and O b s °™ d ee ® j=1 ... Jf pJ; ,1 ifJ2)e End(® i=1 Vb„ (i) , P(0 ). We want to 
emphasize that A G [«7]G^ (fc = 0^ fe ((g) l=1 M n P(i) ( 5s/(i) )) and A G [ ff ]0| oW (,4) = 

^...Mn^ls-J,))^^). 

The reader used to current litterature on Chern-Simons gravity could mis- 
understand the sense of previous results. The previous combinatorial datas 
contain more informations than the usual set of observables used in the com- 
binatorial approach, i.e. the observables associated to spin-networks without 
"legs" (M — 0). This smaller set of observables will be a Poisson subalge- 
bra of our Poisson algebra of generalized spin-networks observables. In fact, 
these observables correspond to the set of constants of motion of Chern-Simons 
deSitter gravity. This Poisson subalgebra has already been quantized and an 
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irreductible star representation of the corresponding quantum operator algebra 
has been found in [Hj. 

4.2.2 Explicit computation of the Dirac algebra of observables 

Let us recall that the detail in the bulk of the second class functions 9 defining 
our Dirac bracket is irrelevant and we can always choose 9 such that the support 
on S*of its elements is as small as necessary. In the following, we will impose 
that the support of the elements of 9 is strictly contained in E*. Hence, if we 
consider a function v of the connection which depends only on the connection in 
the bulk S"j and any other function w, from the definition of the Dirac bracket 
lf74). their D irac brackets are given by: {v,w}d = {v,w}2- Indeed, due to the 
property 

we deduce that | Ai{x), Cl{u)\ = Q,\/x S S"*,Vtt S 9 and then the second 

term in the expression II74|) is null in this situation. 

As a result, Dirac brackets between two functions of the connection de- 
fined in the bulk is obtained thanks to the usual Chern-Simons bracket. In 
particular, the Poisson bracket {0^ lk ,0^f lk } D for two transverse generalized 
spin-networks S, S' is given by the usual formula E3 : 

c xeSnS' 

where the sum extends to all intersection points between graphs associated 
to S and S',L X (S,S') is the index of the intersection at x between S and S', 
and S Q x S' is the spin network obtained from S and S' by fusing the colored 
graphs and by adding at x the intertwiner ^L-t (see [H| for a more pedagogical 
introduction). From previous considerations, we also have trivially 

^Qbulk Qbound^ q 

Then, in order to obtain a complete description of the Dirac algebra of gener- 
alized spin-networks we have to compute the Poisson bracket ^Q^> und ^ O h £, und } D = 
which obviously decomposes using leibniz rule in terms of Poisson brackets 

< U v M( Z(i) ), U v 3 M(2 0) ) > . These Poisson brackets are obviously null if 

Zri) , belong to different components of the boundary. Its explicit computa- 
tion requires a careful analysis in the other case. This computation is done in 
the appendix l|A.4Jl and we obtain 

where Zu\ = Xfc 4 (t, 4>i), zu\ = Xk j (t, cf)j)djid fcj = kj = k. This Dirac algebra 
is rather close from that found in ^] and studied extensively in 

Its complete study as well as the study of the Poisson bracket of windows 
observables is devoted to a forthcoming paper. 
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5 Conclusion 



This paper can be considered as a strong support in favour of the combinatorial 
approach to 3 dimensional gravity, and as a generalization of this program nec- 
essary to capture dynamics of gravity. The nice structure of the Dirac algebra 
between observables motivates a study of its quantization and of the represen- 
tation of the corresponding quantum algebra of operators, completing the work 
already done in [^j. It is, for the first time, possible to hope a well-posed dis- 
cussion of the spectrum of operators associated to distances between particles 
in a completely generally covariant formalism. Having managed to capture the 
whole generally invariant information on the phase space of a set of gravitating 
particles in a closed universe, we may hope to pursue the program adressed for a 
long time by G. 'tHooft of building from this departure point a second-quantized 
theory of the self-gravitating matter field. The present paper is only a modest 
contribution in this direction. 
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A Appendix 

A.l Basic algebraic results 

We will recall in this appendix basic notions on the Lorentz group G — SL(2, C) 
and its Lie algebra q — sl(2, C). The Lorentz group is the real Lie group of 
2x2 complex matrices of determinant one and q is the real Lie algebra of 
2x2 complex matrices of zero trace. We recall that the set of 2 x 2 hermitian 
complex matrices is denoted by H. and we denote V the subset of H defined 
by V = {Q e H\dctQ = —1%}. To any element o € V, we can associate an 
antimorphic *-map on SL{2, C) defined by 



46 



*:SL(2,C) — ► SL(2,C) , Ai — ► A* = oA^o -1 , (86) 

and define the following two subsets of SL(2,C): 

Co = {Xe SL(2,C)\X*X = XX* =±1} (87) 
% = {t g SL(2,C)\t* = t and Tr(r) > 0} . 



Any element of the Lorentz group decomposes as follows: 

VAeSX(2,C), 3A A e C a and r A g % such that A = t a A a . (89) 

This decomposition is not unique and is explicitely given by the following for- 
mulae: 

1. if Tr(l + AA*) > 0, 3!(A a ,t a ) g CxT such that A A A* = +1 given by: 

1 + AA* , A + A*- 1 , N 

K = ~^r=^^ ■ (90) 



A v/Tr(l + AA*) ' A v/Tr(l + AA*) 

2. if Tr(l - AA*) > 0, 3!(A a ,t a ) g CxT such that A A A* = -1 given by: 

1-AA* , A -A*- 1 , s 

t. = = , A A = = . 91 

v"Tr(l - AA*) v/Trtl - AA*) 

This *-map induces a *-map on the Lie algebra g. Let us introduce the following 
subspaces of Q : I = {£ g = -£} , t={?£ g\£* = £}. The sets I and 
t depend on the choice of the element o € V which defines the *-map. Indeed, 
given another element d £ V, we get another *— map on SL(2, C) denoted by ★'. 
Let us denote by [' and t' the corresponding subspaces. We can relate [ to [' and 
t to t'. Indeed, Vo'eD, 3 M g SL(2, C) such that o = Mo'M^ . Then V£ g 
,e = M(M- 1 ^M)*'ikf- 1 and V = {M"^M|^ el} , t' = {M~ l £,M\^ g t} . 

In the sequel, we will choose o = l c ^ J ^ ^ and the results we will obtain 

could be generalized using the previous relations. In that case, we can find an 
explicit basis of the vector spaces [ and t. To this purpose, let us introduce the 
usual Pauli matrices (cr a ) a= o,i,2 defined by: 

Let us introduce the notations P a = a a and J a = —i<r a , Va = 0, 1, 2 and therefore 
(P a ) a is a basis of t and (J a ) a is a basis of [. Va g {0, 1, 2}, we will denote by 
6r,a = MP a M _1 and £L, a = MJ a M~ x . It is immediate to see that (£r,a)a is a 
basis of t and (£z,,a)a is a basis of [. Moreover, {^T,a,£,j,a)a satisfy the following 
Lie algebra: 

[^L,a,^L,b] — tab C £,L,c , [^T.a , %L,b] = ^ab C £,T,c , [£r> , £,T,b] — -£ab C £,L,c , (93) 

where e a b c is the antisymmetric tensor defined by 6012 = 1 and the indices 
are lowered and raised by the metric rj = diag(— 1, +1, +1). We will denote 
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I g = {L,T} x {0,1,2} and (eij K )ij,K£i s the structure constants of the Lie 
algebra defined by 

ezj*frr. (94) 

We can endow g with a non degenerate invariant bilinear form < | > defined 
by: 

< fr.a^L.b >= Vab , < £,T,a\£,T,b >= , < £ L ,a\£,L,b >= . (95) 

We introduce the Casimir tensor t — t IJ £r<8>0 such that t IJ < £,j\£,k >= $k 
and the dual basis £ J = t IJ £j. 

We will denote by f) the Cartan sub-algebra generated by the two elements 
(£t,0)£l,o)) and by f/ L ) (resp. f)^) the Cartan sub-algebra generated by £l,o 
(resp.^T,o)- We will denote by H, H^ L \ H^ T ' the corresponding sub-groups. 

Given an element £ € g, we will use the notation £(, = ^ 7 je{o}x{L t} < 

< | > is a non degenerate invariant bilinear form on g defined in the ap- 
pendix. We introduce the Casimir tensor t = i /J £j ® £,/ such that i /J < 
>— and the dual basis £ J = t IJ £j. 

An element x a ' b = a£i,o + ^T,o of being given, it will be useful to introduce 
K a,b g g defined by 

^ = -°^o + 6gr,o ( j 

a 2 + & 2 v ; 

From this definition, it is immediate to show that the following operator: 

t:fl— HI, [K° ,6 ,[x a,6 ,£]] (97) 

is such that = £ — £[;• 

For any representation II of Vn its module, II* will denote its contra- 

gredient representation, and i will denote the trivial representation. 

A. 2 Dirac bracket for the relativistic particle 

From the expression ll3fi)) , it is straightforward to compute strongly the Poisson 
algebra between first class and second class constraints as follows: 

{C f R ,C f s } = (98) 
if 

n» l — a. , . _Rt ^ ,,£>+,£>- ic_ ^ r > R i 



{C^,Ci} = e fl A B C| (99) 
{C^Cf,} = A A B--^B fl (<X b+ ' b -|^>-^). (100) 



The Dirac bracket between two functions on the phase space / and g, defined, 
as usual, by the expression: 

{/, 9}d = {/, 5} - {/, C s A }(A-y B {C s B , g} , (101) 

with A -1 being the strong inverse of A. Due to the previous properties, it 
verifies the usual axiomatic, i.e. antisymetry, Leibniz rule, strong Jacobi identity 
and 

{f,C A } D = , {f,C R } D n{f,C R } , {f,{CLc f s } D } D * {f,{C f R ,C f s }} (102) 
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In order to compute the Dirac bracket, we have to invert strongly the matrix 
A. From the expression (11001 . we have: 

A AB = -e AB R < X i+:b - \& > (103) 

where we have introduced 6+ = 6+ + Cq t , b- = b- +Cq l and we have to notice 

that x i+ ' b - = X b+ - b - - C[M,P]f, = -{M-^PM)^ It is easy to show that the 
inverse matrix (A~ 1 ) AB is given by: 

(A- 1 )^ = -e AB R <K b +- b - \£ R > . (104) 

As P commutes with the second class constraints, the Poisson brackets ll-'UH in- 
volving P are not modified by the Dirac reduction. However, the Poisson bracket 
(|30ll between matrix elements of M is modified into the following quadratic 
bracket: 

{M 1: M 2 } D = M 1 M 2 r^ (&+,&_) (105) 

where r is defined as follows: 

r(°> :K 2 ^ ® fl , (b + ,b-)^->r®(b+,b-)=-[#*- ) ti 2 ] . (106) 

The basic properties of the Dirac bracket can be mapped to the following 
properties: 

rgf+rff = (107) 

-(£o,t)i 

(eo,i)i ■ 

(108) 

As a result, is a solution of the dynamical classical Yang-Baxter equation 
with zero coupling constant associated to the algebra g. 

A. 3 Operator Kf 

The aim of this appendix is to study the following operator: 

K*:C°°(B,£j) — > C°°(£, fl ) (109) 
u i — > K$u = cfy(u) + [X,u-u] , 

where X is the mapping from B to jj defined by SHI In fact, this operator can 
be rewritten as follows: 

{Kfu){x (n) {t,4>)) = M (n) {t){Kf Xn (Af ( ^(t) M (x (n) (i,0))M (n) (t)))M ( -i(i) 
V«£ C°°(B,8) , where 

K* : C°°(S\ S ) — > C°°(S\ fl ), / -» + [x, / - /•»•] (110) 





, r r (°) r (°)i . 

r 1/23 ' ' 12 J 




9r (o) 

"'12 

dm 


(^0,t)3 + 


"'13 

dm 


(Co,t)2 — 


» r (o) 

"'23 

dm 








"'12 


(6),l)3 + 


dr (o) 

"'13 


(Co,l)2 - 


dr (o) 

"'23 








ds 


ds 


9s 
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for any \ — ar^o,T + c*l£o,l € f)- Properties of l|109fl will be linked back to that 

of gint - 

It is immediate to see that l|llf)|) is not injective and its kernel consists in 
the subspace of constant functions. This operator will be invertible on the 
subspace C^°(S 1 ,g) of functions having zero as mean value. Any function u £ 
C'^°(S 1 ,q) can be decomposed in terms of Fourier modes as follows: u(<j>) = 
J2k^o lei u k elk ^£,i > an d the action of the operator 1 1 1 ( III on / reduces to an 
action on each component of the Fourier decomposition: 

k$«= (nw^^Hi, an) 

kjtO,I,J&Ig 

where the coefficients K£ j are given by K£g = ikS§+ < olt£o,t+(X-l£o,l, [£s, £ R ] > 
, i.e. 

KJS? = nH=ik (112) 

KXa.T _ TfXa.L _ Oa 

kb,L - ~ K fc6,T - a T? b- 

Let us compute the inverse operator. We denote by (K X_1 )^ B the coeffi- 
cients of the inverse operator. 

In order to compute the inverse operator explicitely, it will be useful to 
introduce the complex number a — [ocl + tar) and, the functions c k : C — > 
C z l— * fc+i ■ A straightforward computation, shows that: 

(K*- 1 )^ = (K x - 1 )Kr=^ (US) 
(K*" 1 )^ = (K*-r k ?, T =Re(c k (-a)) ^ b ~ Re(c k (a)) ld > + e b 

(K*- 1 )-^ = -(K«- 1 fe = Jmfa(- g ?) " + " -/m( Cfc (a)) ^ + 2 £ b . 
A. 4 Dirac bracket for spin-networks 

Let us compute the following equal-time Poisson bracket |(t/^ zI M^)i, (U^l v ^' ] M^) 
where z = xr k -\ (t, <ft), z' — xi k ) (t, <fi') (we will denote ip = 4>— </>'). In order to apply 
formula JJlJl, we recall that, for any v € 3, we have 



/77 n [yz] rr n [y'^'] \ 

{n(»),M (fc) } s 



21 
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hence, 

{KT M (^> K™ M wh} D ^ = KT^ U ^t ] ( A h {M m ,M (k)2 } 2 + 

+ ^U^ ] (A) 1 U^; ] \A) 2 x m_jVu][Vv] ii(z) 1 v{z') 2 K- 1 (u,v) > j M (fe)1 ,M (fe)2 

+^^rH^)i< [B ;r i (^)2(6)iK / (^))2M (fc)1 ,M (fc)2 

where we have introduced certain functions (wj, )i£i g defined on the bound- 
ary, with value in g, smooth everywhere except at z (where they are allowed to 
have a step) and such that for any u <G 8, u(z) — K(w\, . 

We can easily verify, that the solution of this equation is given by 

(£/)iKV))2 = -M {k)1 M {m C£(K^*-Xj^- ZntiW^M^. 



Using the results of the previous appendix we have 

t' 
2L 



(A(tp)(£ ,T ® £ ,L + &,L ® £ ,t) + 



4ttZ c 

-Im(B(ip))(£ 2 ,T ® £l,T - £l,T ® 6,T - $2,L ® £l,L + £l,L ® + 
-ite(B(p))(6j,T ® 6,L + 6,L ® fl.T - £l,T ® &,L " fl.L ® &,t) + 

+/to(C(<p))(£i,t ® £i,t - £l,L ® £l,L + 6,T ® 6,t - &,L ® + 

+i?e(C((^))(a,T ® &,L + fl.L ® fl.T + &,T &,L + &,L ® &,t)) 



ri°2 ) (^ +) ,^_)) 
i? / 1 

Im(j)(£ 2 ,T ® £l,T - £l,T ® 6,T - ® £l,L + £l,L ® + 



4ttZ c V 6' 

+i?e(i)(^ 2 ,T ® £l,L + 6,i ® £l,T - £l,T ® 6,i - €l,L ® 6.T) 




where we have defined 



4?ii 

A(<p) = (y? - 7r) [0;27r 



lTCOs(b(lT- (p)[ 0j2 «]) 

sin(irb) 

nsin{b(n - 9?)[o,27r]) 
sin(irb) 



and the symbol (/(^))[o,2tt] denotes the continuation by 27r— periodicity of 
the function / defined in [0, 2ir}. 
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The r-matrix ^(^6+, ^-6_) = W${M {k) , P (k y, 0+) is solution of clas- 
sical dynamical Yang-Baxter equation and is such that — r$ (j^t^+j itt^-) = 
^ 1 2 ) (M (fe) ,P (fe) ;2 7 r-) = |-i 12 + ^(^6+, 4^6-). As a result its coupling 
constant is 
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